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LOCAL UNIQUENESS OF VORTICES FOR 2D STEADY EULER FLOW
DAOMIN CAO, SHUSEN YAN, WEILIN YU, CHANGJUN ZOU
Abstract. We study the steady planar Euler flow in a bounded simply connected do-
main, where the vortex function is f = tp+ with p > 0 and the vorticity strength is
prescribed. By studying the location and local uniqueness of vortices, we prove that the
vorticity method and the stream function method actually give the same solution. We
also show that if the vorticity of flow is located near an isolated minimum point and
non-degenerate critical point of the Kirchhoff-Routh function, it must be stable in the
nonlinear sense.
1. Introduction and main results
In this paper, we study the steady planar flow of an ideal fluid in a bounded simply
connected domain, which is governed by the following Euler system

∇ · v = 0 in Ω, (1.1)
(v · ∇)v = −∇P in Ω, (1.2)
v · n = 0 on ∂Ω, (1.3)
where Ω ⊂ R2 is a bounded domain, v = (v1, v2) is the velocity field, P is the scalar
pressure, n is the unit outward normal to ∂Ω. By virtue of (1.1) and boundary condition
(1.3), there exists a Stokes stream function ψ such that
v = (∂2ψ,−∂1ψ) . (1.4)
Define the vorticity of the flow ω = curlv := ∂1v2 − ∂2v1, using the vector identity
1
2
∇(|v|2) = (v · ∇)v + v × (∇× v), (1.5)
we have
ω∇ψ = −∇(P + 1
2
|v|2). (1.6)
Applying curl on (1.6), we obtain the following vorticity equation
div(ωv) = 0. (1.7)
In view of (1.1), (1.7) leads to
v · ∇ω = 0. (1.8)
By substituting (1.4) into (1.8), we have
∇⊥ψ · ∇ω = 0, (1.9)
where x⊥ = (x2,−x1) denotes clockwise rotation through pi/2. (1.9) suggests that ψ and
ω are functionally dependent. As a result, if we take ω = f(ψ) for some vorticity function
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f : R→ R, (1.9) automatically holds. Define F to be a primitive function of f , we obtain
∇F (ψ) = ω∇ψ. So once we find ψ, the velocity of the flow is given by (1.4) and the
pressure is given by (1.6), namely P = −F (ψ)− 1
2
|v|2. By (1.1) and the definition of ω, it
holds
−∆ψ = ω = f(ψ). (1.10)
Meanwhile, the boundary condition (1.3) and the definition of ψ (1.4) lead to
∇⊥ψ · n = 0 on ∂Ω. (1.11)
Thus if Ω is simply connected, then ψ is a constant on ∂Ω, and we can assume
ψ = 0 on ∂Ω (1.12)
after suitably adding a constant to ψ. In this paper, we always assume that Ω is simply
connected.
The existence and asympotic behavior of vortex solutions in three-dimensional axisym-
metric case has been studied by many mathematicians in the last century. For this topic,
we refer to [1, 2, 6, 7, 13, 14, 16, 19, 24, 25, 30, 31]. Here, we will consider a steady planar
flow of an ideal fluid in a bounded region and focus on the flow, whose vorticity ω is given
by a function λf(ψ) in a region Ωλ which has k simply connected components Ωλ,j and
d(x, x0,j)→ 0 uniformly for all x ∈ Ωλ,j as λ→ ∞ for some point x0,j ∈ Ω¯, j = 1, 2, ..., k,
while ω = 0 elsewhere. Moreover, it holds∫
Ωλ,j
ω = κj , (1.13)
where κj > 0 is a given constant. Such problem is called vortex problem with prescribed
vortex function and vorticity strength at each vortex point, and Ωλ = ∪kj=1Ωλ,j is called
the vorticity set of the flow. As in [16], we do not assume that x0,i 6= x0,j for i 6= j, nor
x0,j ∈ Ω.
From above discussion, we find that ψ satisfies the following elliptic problem:

−∆ψ = λ
k∑
j=1
1Ωλ,jf(ψ) in Ω,
ψ = 0 on ∂Ω.
(1.14)
where 1S is the characteristic function of non-empty set S. By studying (1.14), we assume
that the flow rotates anticlockwise in each Ωλ,j .
Note that vorticity set Ωλ,j in (1.14) is unknown. On the other hand, the Euler equation
will give a relation between the set Ωλ,j and ψ. Indeed, we have the following relation
λ
k∑
j=1
1Ωλ,jf(ψ)∇ψ = −∇(P +
1
2
|v|2), (1.15)
which implies that Ωλ,j = Bδ(x0,j) ∩ {ψ > κ˜λ,j}, where x0,j is the point such that
d(x, x0,j) → 0 for all x ∈ Ωλ,j as λ → ∞, and δ > 0 is a fixed small constant. In
section 2, we will discuss properties of the vorticity set in detail. We consider a flow with
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continuous vorticity, the vortex function f : R → R is defined by f(t) = tp+ for some
0 < p < +∞ and t+ = max{t, 0}. Thus, (1.14) becomes

−∆ψ = λ
k∑
j=1
1Bδ(x0,j)(ψ − κ˜λ,j)p+ in Ω,
ψ = 0 on ∂Ω,
(1.16)
for some large κ˜λ,j > 0, subject to the following prescribed vortex strength condition
λ
∫
Ωλ,j
(ψ − κ˜λ,j)p+ = κj > 0. (1.17)
It is notable that in this model, x0,j and κ˜λ,j as well as ψ is unknown. Moreover, if p > 1
we assume
λ(diamΩλ,j)
2 ≤ C. (1.18)
Since the solutions for p > 1 constructed in [13, 19, 30] all satisfy (1.18), this assumption
is reasonable to a certain extent. Using (1.4), once we find the stream function ψ, the
velocity of the flow is determined and the pressure is given by
P =
λ
p+ 1
k∑
j=1
1Bδ(x0,j)(ψ − κ˜λ,j)p+1+ −
1
2
|∇ψ|2. (1.19)
In this paper, we will study the necessary conditions on the location of x0,j such that
(1.16) is solvable, and the uniqueness of solutions for (1.16) satisfying (1.17) and (1.18)
when it is solvable. To this aim, we introduce following notations: Let G be the Green’s
function for −∆ in Ω with zero boundary condition, written as
G(x, y) =
1
2pi
ln
1
|x− y| −H(x, y), x, y ∈ Ω.
Recall the Robin function is defined by
h(x) = H(x, x).
For any given integer k > 0, we define the following Kirchhoff-Routh function (see [26]):
Wk(x1, x2, .., xk) = −
k∑
i 6=j
κiκjG(xi, xj) +
k∑
i=1
κ2ih(xi). (1.20)
Note that if k = 1, then W1 = κ2h. It is well known that this Kirchhoff-Routh function
dominates the evolution of a point vortex model having k vortices by
dxi(t)
dt
= −∇
⊥
xi
Wk
κi
i = 1, · · · , k,
which constitutes a Hamiltonian system.
Combining [12] [13] and [17], we have the following existence result:
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Theorem A. Suppose that x0 = (x1, · · · , xk) ∈ Ωk is an isolate critical point of Wk(x),
satisfying deg(∇Wk,x0) 6= 0. Then for any p > 0 and given κ˜λ,j with λκ˜λ,j → +∞ as
λ → +∞, there is a λ0 > 0, such that for all λ ∈ (λ0,+∞), (1.16) has a solution ψλ
such that the vorticity set ∪kj=1{x : 1Bδ(x0,j)ψλ(x) > κ˜λ,j} shrinks to {xi | i = 1, · · · , k} as
λ→ +∞.
Let us remark that the cases p = 0 and p = 1 correspond to the vortex patch problem and
the plasma problem in the fluid dynamics respectively. The patch case is a simplified model
of the Hill vortex in three-dimensional axisymmetric flow, and the plasma case decribes
the equilibrium of a plasma confined in a toroidal cavity. When p = 0, the existence of
vortex solutions was studied in [14, 19, 31], and the local uniqueness was given in [16].
However, when p > 0, there was not any local uniqueness result. Hence we may ask:
as λ → +∞, are all solutions of (1.16) and (1.17) located near the isolate critical point
of Wk(x), and whether these solutions have the local uniqueness property? These two
questions are exactly what we focus on.
From Theorem A we know that κ˜λ,j does not play an important role in the existence of
solutions. To find a solution satisfying the constraint (1.17), we can solve (1.16) for given
κ˜λ,j. Then we estimate λ
∫
Bδ(x0,j)
f(ψλ) so that we can solve (1.17) to determined κ˜λ,j. The
first result in this paper is to show that (1.16) and (1.17) with assumption (1.18) has no
solution unless x0 ∈ Ωk is a critical point ofW(x). It makes sense since every critical point
of W(x) is a equilibrium point of the point vortex system.
Theorem 1.1. Let p > 0 and κj, j = 1, 2, ..., k, be k given positive numbers. Suppose
that ψλ is a solution of (1.16) and (1.17), such that each component of vorticity set Ωλ,j
(j = 1, 2, ..., k) shrinks to x0,j ∈ Ω¯, as λ → ∞. Moreover, (1.18) holds when p > 1. Then
x0,j ∈ Ω, j = 1, 2, ..., k, x0,j 6= x0,i, and x0 = (x0,1, x0,2, ..., x0,k) must be a critical point of
Wk.
There are two methods to deal with the existence of solutions for such vortex problems:
the vorticity method and the stream function method. Using the vorticity method, Turk-
ington considered the vortex patch problem in [31]. Cao,Wang and Zhan developed this
method in [19], and consider the vortex problem with general vortex function f including
f(t) = tp+ (p > 0). They obtained an existence result by studying the asymptotic behavior
of the absolute maximizer of the modified kinetic energy defined by
E(ω) = 1
2
∫
Ω
∫
Ω
ω(x)G(x, y)ω(y)dxdy − λ
∫
Ω
F∗(
ω(x)
λ
)dx (1.21)
in the following class
Aλ,Λ := {ω ∈ L∞(Ω) | 0 ≤ ω ≤ λΛ a.e. in Ω,
∫
Ω
ω(x)dx = κ}, (1.22)
where F∗ in the penalization term λ
∫
Ω
F∗(
ω(x)
λ
)dx is given by
F∗(s) :=
∫ s
0
f−1(r)dr, (1.23)
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with f−1 the inverse of f . It was proved in [19], that the maximizer ωλ satisfies
ωλ = λf(ψλ) , Ωλ = {x ∈ Ω : ψλ(x) > 0}, (1.24)
where ψλ is the corresponding stream function satisfying{
−∆ψ = λf(ψλ) in Ω,
ψ = µλ on ∂Ω,
(1.25)
for some constant µλ, which satisfies µλ = − lnλ+O(1) for λ large. Moreover, Ωλ shrinks
to a point x0, which is a global minimum point of the Robin function h(x).
In comparison with the vorticity method, the stream function method works on the
stream function ψ instead of the vorticity function ω, which has the advantage to obtain
solutions with the vorticity set shrinking to the saddle point of the function W(x), see
[6, 7, 25, 30, 29]. For the vortex patch problem, namely, p = 0, the equivalence of solutions
constructed by these two entirely different methods as λ→ +∞ was already given in [16].
In the next theorem we will study the local uniqueness of solutions when p > 0 and thus
prove the vorticity method and the stream function method just give the same solution in
this continuous vorticity case.
Theorem 1.2. Suppose that p > 0 and x0 ∈ Ωk is an isolated critical point of Wk(x),
which is non-degenerate. Moreover, we assume (1.18) holds when p > 1. Then for large
λ > 0, (1.16), together with (1.17), have a unique solution.
Compared to the existence results in [12, 13, 14, 17], the main difficulty here is that the
apriori estimate for solutions of (1.16) and (1.17) must be done very carefully. In section
2, we will give a precise estimate for these solutions after suitable scaling, so that the L∞
norm of perturbation term ωε defined in section 3 and section 4 is less than O(
1
lnλ
). This
apriori estimate is essential for our purpose to deduce that the solutions satisfying our
assumptions can only be the solutions constructed by the finite dimentional reduction in
[12, 13, 17].
On the other hand, to prove the local uniqueness of the vortex patch case, since the
vortex function is of distribution or discontinuous type, the estimate in [16] is mainly
about the W−1,q norm of linearized operator acting on ωε and the line integral along the
free boundary ∂Ωλ,j . However, for the continuous vorticity type we considered in this
paper, we turn to estimate the Lq norm and calculate the area integral. This change not
only brings us great convenient in the proof, but also makes it possible to obtain a higher
regularity of ωε using the elliptic estimate and Sobolev embedding.
When k = 1, it holds W1 = κ2h. The local uniqueness result in Theorem 1.2 shows that
any non-degenerate critical point of the Robin function h can only generate one solution for
(1.16) with k = 1. This result implies that the vorticity method and the stream function
method actually result in the same function.
On the other hand, there are many results on the existence and non-degeneracy of critical
points for Wk, which can be found in [4, 5]. For further research in a general domain, we
refer to [3]. It is noteworthy that in [10], Caffarelli and Friedman proved that in a convex
domain, W1 = κ2h has a unique critical point, which is also non-degenerate. Having this
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result in hand, we can use Theorem 1.1 and Theorem 1.2 to deduce the following uniqueness
result in a convex domain.
Theorem 1.3. Assume that Ω is convex and (1.18) holds when p > 1. Then the problem
with prescribed vorticity strength (1.16) and (1.17), has a unique solution and k = 1 if
λ > 0 is large.
Theorem 1.3 shows that if the domain is convex, the flow can only has one vortex with
the vortex funtion f(t) = tp+ and the vortex point must be located near the unique global
minimum point of the Robin function. Moreover, the vorticity of this solution must be the
maximizer of the modified kinetic energy obtained in [19].
Our last result is about the nonlinear stability of vortices. To clarify it, we first give the
definition of nonlinear stability, namely, the stability of Liapunov type:
Definition 1.4. A steady vortex ω is called to be stable, if for any η > 0, there exists
δ > 0, such that for any ω0 is a Lebesgue rearrangement of ω, ||ω0 − ω||L1 < δ, it holds
||ωt − ω||L1 < η for all t ≥ 0, where ωt(x) = ω(x, t) is the vorticity of 2D Euler flow with
intial data ω0.
We shall bring to the attention of readers that there are many results about the linear
stability for planar vortex patches (see [23, 27]). However, it is much more difficult to
prove the nonlinear stability. In [28], Wan and Pulvirenti proved nonlinear stability of
circular vortex patches in an open disk, which was based on energy conservation and the
technique turning the L1 perturbation into the C1 type. Recently, using this technique and
the cirterion by Burton [8], Cao and Wang [18] proved the nonlinear stability for vortex
patches concentrating near an isolated minimum point and non-degenerated critical point
of the Robin function. Furthermore, Cao,Wang and Zhan [19] showed that once the local
uniqueness of vortices with general vortex function f is obtained, those vortices located
near an isolated minimum point of Wk(x) must be stable in the nonlinear sense. Hence
from Theorem 1.2, we have following corollary:
Corollary 1.5. Suppose the stream function ψλ is given by (1.17) (1.18) (1.19), and
x0 = (x0,1, x0,2, ..., x0,k) is an isolated minimum point and non-degenerated critical point of
Wk(x), then the vorticity of flow is stable in the sense of Definition 1.4 provided λ is large
enough.
By now we can outline our proof in brief: To analyze the behavior of the solutions for
(1.16), we will carry out a blow-up procedure and find the corresponding limit problem.
For the case p 6= 1, we scale the equation with the diameter diamΩλ,j ; While for p = 1,
enlightened by [9, 12], we use ε := λ−
1
2 . Note that when p > 1 we make extra assumption
(1.18) holds, which ensures the vorticity is bounded after scaling; when p < 1, although
there will be undesirable singularity, it can be eliminated by multiplying with ωε. Since
the parameter κ˜λ,j is also unknown in (1.16), it is necessary to estimate κ˜λ,j interms of κj ,
which can be achieved by the Pohozaev identity, Morse iteration and Harnack inequality.
Then we can use the asymptotic behavior of the solutions ψλ and local Pohozaev identity
to prove Theorem 1.1.
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To prove the local uniqueness result stated in Theorem 1.2, we will use the following
Pohozaev identities for the solution u of −∆u = f(x, u):
−
∫
∂Bτ (x0)
∂u
∂ν
∂u
∂xi
+
1
2
∫
∂Bτ (x0)
|∇u|2νi
=
∫
∂Bτ (x0)
F (x, u)ν −
∫
Bτ (x0)
Fxi(x, u) i = 1, · · · , N,
(1.26)
where ν = (ν1, · · · , νN) is the outward unit normal of ∂Bτ (x0), F (x, t) =
∫ t
0
f(x, s)ds. For
a long time in the past, the mainstream method is to prove the uniqueness of solution
for the reduced finite dimentional problem by counting the local degree, and involving
the estimates of the second order derivatives of the solutions. In comparision with this
traditional method, the advantage of our method is that we only need to estimate the first
order derivatives of the solutions, as we have done in section 3 and section 4. Thanks to
the continious form of the vortex function f(t) = tp+ when p > 0, the estimate is simplified
by using the Taylor series expansion, which is different from the patch case [16] calculating
line integral along ∂Ωλ,j . Readers can also consult [11, 15, 22] for a similar method applied
in other elliptic problems with concentration property.
This paper is organized as follows. In section 2, we will study the asympotic behavior of
the solutions and prove Theorem 1.1. In section 3, we estimate the solutions when p 6= 1;
while in section 4, we give the similar estimates for the linear case p = 1. Theorem 1.2 are
proved in section 5. Essential estimates for the free boundary ∂Ωλ,j and local Pohozaev
identities for Green’s function are given in the Appendix.
2. the necessary condition for the location of the vortices
In this section, we will prove Theorem 1.1. To this aim, we first study the asymptotic
behavior of the solutions
Let ψλ be a solution to (1.16) satisfying (1.17). We assume that as λ→ +∞, diamΩλ,j →
0. Throughout this section, we will denote rλ,j =
1
2
diamΩλ,j , and let zλ,j ∈ Ωλ,j be a point
satisfying ψλ(zλ,j) = max
x∈Ωλ,j
ψλ(x). In view of (1.18), when p > 1 we assume λr
2
λ,j ≤ C,
where C is a positive constant.
To begin with, we give estimates for the stream function ψλ away from the vorticity set
Ωλ,j .
Lemma 2.1. Let ψλ be a solution to (1.16) satisfying (1.17). For x ∈ Ω \ ∪kj=1{x :
d(x,Ωλ,j) ≤ Lrλ,j} it holds
ψλ(x) =
k∑
j=1
κjG(zλ,j , x) +O(
k∑
j=1
rλ,j
|x− zλ,j|), (2.1)
and
∂ψλ(x)
∂xi
=
k∑
j=1
κj
∂G(zλ,j , x)
∂xi
+O(
k∑
j=1
rλ,j
|x− zλ,j|2 ), (2.2)
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where L > 0 is a large constant.
Proof. For any x ∈ Ω \ ∪kj=1{x : d(x,Ωλ,j) ≤ Lrλ,j} it holds x /∈ Ωλ,j . Noting that
H(y, x)−H(zλ,j, x) = O( rλ,j|x− zλ,j |) ∀y ∈ Ωλ,j ,
we get
ψλ(x) = λ
k∑
j=1
∫
Ωλ,j
(ψ(y)− κ˜λ,j)p+G(y, x)dy
=
k∑
j=1
κjG(zλ,j , x) + λ
k∑
j=1
∫
Ωλ,j
(ψ(y)− κ˜λ,j)p+(G(y, x)−G(zλ,j, x))dy
=
k∑
j=1
κjG(zλ,j , x) +O(ln
|x− zλ,j |
|y − x| ) +O(
k∑
j=1
rλ,j
|x− zλ,j |).
Since
|y − x| = |x− zλ,j | − 〈 x− zλ,j|x− zλ,j | , y − zλ,j〉+O(
|y − zλ,j |2
|x− zλ,j | ) ∀y ∈ Ωλ,j, (2.3)
we see (2.1) follows. Similarily, for i = 1, · · · , k, it holds
∂ψλ(x)
∂xi
= λ
k∑
j=1
∫
Ωλ,j
(ψ(y)− κ˜λ,j)p+
∂G(y, x)
∂xi
dy
=
k∑
j=1
κj
∂G(zλ,j , x)
∂xi
+ λ
k∑
j=1
∫
Ωλ,j
(ψ(y)− κ˜λ,j)p+(
∂G(y, x)
∂xi
− ∂G(zλ,j , x)
∂xi
)dy
=
k∑
j=1
κj
∂G(zλ,j , x)
∂xi
+O(
k∑
j=1
(
xi − zλ,j,i
|x− zλ,j |2 +
yi − xi
|y − x|2 )) +O(
k∑
j=1
rλ,j
|x− zλ,j |2 ).
write
xi − zλ,j,i
|x− zλ,j |2 +
yi − xi
|y − x|2 =
yi − zλ,j,i
|x− zλ,j|2 + (yi − xi)(
1
|y − x|2 −
1
|x− zλ,j |2 ). (2.4)
By (2.3) and (2.4) we obtain (2.2) and hence complete our proof. 
Similar to Lemma 2.2 in [16], the next lemma gives a relation between the vorticity set
Ωλ,j and the stream function ψλ.
Lemma 2.2. Let ψλ be a solution to (1.10) satisfying (1.11) and (1.13). If Ωλ,j is simply
connected, then it holds
Ωλ,j = Bδ(x0,j) ∩ {ψλ > κ˜λ,j},
for some κ˜λ,j → +∞, where x0,j is the point such that d(x, x0,j) → 0 for all x ∈ Ωλ,j as
λ→ +∞.
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Proof. Since
λ∇F (ψλ) = λ(ψλ − κ˜λ,j)p+∇ψλ,
it follows from (1.19) that
λ
p+ 1
(ψλ − κ˜λ,j)p+1+ + P +
1
2
|v|2 = c1,j in Ωλ,j , (2.5)
and
P +
1
2
|v|2 is a constant in each connected component of Ω \ ∪kj=1Ωλ,j . (2.6)
Notice that P + 1
2
|v|2 is continuous and Ωλ,j is simply connected. By (2.5) and (2.6) we
deduce that ψλ = κ˜λ,j on ∂Ωλ,j . Using the maximum principle, we have ψλ > κ˜λ,j in Ωλ,j .
Then we claim that κ˜λ,j → +∞ as λ → +∞. According to Lemma 2.1, for any M > 0
large, ψλ ≥ M on ∂Bθ(x0,j) as long as θ > 0 is sufficiently small. By the maximum
principle, ψλ > M in Bθ(x0,j). From Ωλ,j ⊂ Bθ(x0,j) we obtain κ˜λ,j > M .
We also claim that ψλ < κ˜λ,j in Bδ(x0,j)\Ωλ,j . Lemma 2.1 implies ψλ ≤ C on ∂Bδ(x0,j).
Since ∆ψλ = 0 in Bδ(x0,j) \Ωλ,j , we have ψλ < κ˜λ,j in Bδ(x0,j) \Ωλ,j . So we conclude that
Ωλ,j = Bδ(x0,j) ∩ {ψλ > κ˜λ,j}. 
Now we can study the local behavior of ψλ near zλ.
Proposition 2.3. There exists a constant c0 > 0, independent of λ, such that d(zλ,j, ∂Ω) ≥
c0, j = 1, · · · , k, and for i 6= j, |zλ,i − zλ,j| ≥ c0.
Moreover if p > 0 and p 6= 1, one has
ψλ(x) = (λr
2
λ,j)
− 1
p−1 (w(
x− zλ,j
rλ,j
) + o(1))+ κ˜λ,j for x ∈ BLrλ,j (zλ,j) and any L > 0 large,
(2.7)
1
2pi
ln
1
rλ,j
+
∑
i 6=j
κi
κj
G(zλ,j , zλ,i)− κ˜λ,j
κj
−H(zλ,j, zλ,i) = o(1), (2.8)
κj(λr
2
λ,j)
1
p−1 → 2pi|φ′(1)|, (2.9)
where
w =
{
φ(|x|) if |x| ≤ 1,
|φ′(1)| ln 1
|x|
if |x| > 1,
and φ(x) = φ(|x|) is the unique radial solution of
−∆φ = φp, φ > 0, φ ∈ H10 (B1(0)).
If p = 1, one has
ψλ(x) = A1(w¯(
√
λ(x− zλ,j)) + o(1)) + κ˜λ,j for x ∈ B
Lλ−
1
2
(zλ,j) and any L > 0 large,
(2.10)
1
4pi
lnλ+
∑
i 6=j
κi
κj
G(zλ,j , zλ,i)− κ˜λ,j
κj
−H(zλ,j, zλ,i) = o(1), (2.11)
A1 =
κj
2piγ|ϕ′(γ)| and rλ,j = γλ
− 1
2 (1 + o(1)), (2.12)
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where
w¯ =
{
ϕ(|x|) if |x| ≤ γ,
γ|ϕ′(γ)| ln 1
|x|
if |x| > γ,
γ > 0 is the constant, such that 1 is the first eigenvalue of −∆ in Bγ(0) with the zero
Dirichlet boundary condition, and ϕ(x) = ϕ(|x|) > 0 is the first eigenfunction of −∆ in
Bγ(0) with ϕ(0) = 1.
To prove Proposition 2.3, we need to prove some lemmas. We first show the energy of
the vortex core has a upper bound, namely
Lemma 2.4. It holds
λ
k∑
j=1
∫
Ωλ,j
(ψλ − κ˜λ,j)p+1+ = O(1).
Proof. According to the Pohozaev identity:∫
∂Ω
〈x− zλ,j ,∇ψλ〉∂ψλ
∂ν
− 1
2
∫
∂Ω
〈x− zλ,j , ν〉|∇ψλ|2 = 2λ
p+ 1
∫
Ωλ,j
(ψλ − κ˜λ,j)p+1+ (2.13)
Using Lemma 2.1, the left hand side of (2.13) is bounded. Hence the result follows. 
To study the local behavior of ψλ near zλ, if p > 0 and p 6= 1, we let
wλ = (λr
2
λ,j)
1
p−1 (ψλ(rλ,jy + zλ,j)− κ˜λ,j);
if p = 1, we let
wλ = A
−1
1 (ψλ(λ
− 1
2 y + zλ,j)− κ˜λ,j),
where A1 is a constant. From now on we denote r¯λ,j = rλ,j if p 6= 1, and r¯λ,j = λ− 12 if
p = 1. Thus we have

−∆wλ = 1B
δr¯
−1
λ,j
(0)(wλ)
p
+ + f(r¯λ,jy + zλ,j) in Ωj,
w = −κ˜λ,j(λr2λ,j)
1
p−1 on ∂Ωj , if p 6= 1,
w = −κ˜λ,jA−11 on ∂Ωj , if p = 1,
(2.14)
where Ωj = {y : r¯λ,jy + zλ,j ∈ Ω} and
f(r¯λ,jy + zλ,j) =


∑
i 6=j
1B
δr¯
−1
λ,i
(0)(wλ − (λr2λ,j)
1
p−1 (κ˜λ,i − κ˜λ,j))p+ if p 6= 1,∑
i 6=j
1B
δr¯
−1
λ,i
(0)(wλ − A−11 (κ˜λ,i − κ˜λ,j))+ if p = 1.
Lemma 2.5. For any R > 0, there is a constant C > 0, depending on R, such that
||wλ||L∞(BR(0)∩Ωj ) ≤ C.
Proof. First, if p > 1 we will prove∫
B
δr¯
−1
λ,j
(0)∩Ωj
(wλ)
p
+ ≤ C. (2.15)
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We have
κj = λ
∫
Ωλ,j
(ψλ − κ˜λ,j)p+ = (λr2λ,j)1−
p
p−1
∫
B
δr¯
−1
λ,j
(0)∩Ωj
(wλ)
p
+
By assumption (1.18), if p > 1 it holds λr2λ,j ≤ C, so we can obtain∫
B
δr¯
−1
λ,j
(0)∩Ωj
(wλ)
p
+ ≤ κj(λr2λ,j)
1
p−1 ≤ C.
If 0 < p < 1, we are going to prove∫
B
δr¯
−1
λ,j
(0)∩Ωj
(wλ)
p+1
+ ≤ C. (2.16)
According to Lemma 2.4, We have
λ
∫
Ωλ,j
(ψλ − κ˜λ,j)p+1+ = (λr2λ,j)1−
p+1
p−1
∫
B
δr¯
−1
λ,j
(0)∩Ωj
(wλ)
p+1
+ = O(1).
On the other hand, there holds
κj = λ
∫
Ωλ,j
(ψλ − κ˜λ,j)p+ ≤ (λ
∫
Ωλ,j
(ψλ − κ˜λ,j)p+1+ )
p
p+1 (λ|Ωλ,j|)
1
p+1 ,
which yields κp+1j ≤ Cλ|Ωλ,j| ≤ Cλr2λ,j. As a result, we obtain∫
B
δr¯
−1
λ,j
(0)∩Ωj
(wλ)
p+1
+ ≤ C(λr2λ,j)
2
p−1 ≤ C.
If p = 1, since λ(λ−
1
2 )2 = 1, it is easy to prove∫
B
δr¯
−1
λ,j
(0)∩Ωj
(wλ)
2
+ ≤ C. (2.17)
By (2.15) (2.16) and (2.17), using the Morse iteration we can prove
||(wλ)+||L∞(BR(0)∩Ωj ) ≤ C. (2.18)
Let w1 be a solution of{−∆w1 = 1B
δr¯
−1
λ,j
(0)(wλ)
p
+ + f(r¯λ,jy + zλ,j) in BR(0) ∩ Ωj ,
w1 = 0 on ∂(BR(0) ∩ Ωj),
Then |w1| ≤ C. Thus w2 := wλ − w1 satisfies −∆w2 = 0 in BR(0) ∩ Ωj , and
sup
BR(0)∩Ωj
w2 ≥ sup
BR(0)∩Ωj
wλ − C ≥ −C, (2.19)
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Since sup
BR(0)∩Ωj
wλ ≥ 0. On the other hand, by (2.18), we have
sup
BR(0)∩Ωj
w2 ≤ sup
BR(0)∩Ωj
wλ − C ≤M,
for some sufficiently large M > 0. So M − w2 is a positive harmonic function. By the
Harnack inequality, there exists a constant L > 0,such that
sup
BR(0)∩Ωj
(M − w2) ≤ L inf
BR(0)∩Ωj
(M − w2),
which together with (2.19), yields
inf
BR(0)∩Ωj
w2 ≥M − LM + L sup
BR(0)∩Ωj
w2 ≥ −C.
Hence we complete the proof. 
Lemma 2.6. As λ → +∞, we have r¯−1λ,jd(zλ,j, ∂Ω) → +∞, j = 1, · · · , k, and wλ → w in
C1loc(R
2), where w is a radial function satisfying w′(r) < 0 for any r > 0.
Proof. For x ∈ (Bδr¯−1λ,j (0)\BL(0))∩Ωj , where L > 0 is a large constant, If p > 0 and p 6= 1,
it follows from Lemma 2.1 that
wλ = (λr
2
λ,j)
1
p−1 (ψλ(r¯λ,jx+ zλ,j)− κ˜λ,j)
= κj(λr
2
λ,j)
1
p−1 (
k∑
i=1
κi
κj
G(r¯λ,jx+ zλ,j , zλ,i)− κ˜λ,j
κj
+O(
1
L
))
= κj(λr
2
λ,j)
− 1
p−1
1
2pi
ln
1
|x|
+ κj(λr
2
λ,j)
1
p−1 (
1
2pi
ln
1
rλ,j
+
∑
i 6=j
κi
κj
G(r¯λ,jx+ zλ,j, zλ,i)− κ˜λ,j
κj
−H(r¯λ,jx+ zλ,j , zλ,j) +O( 1
L
)).
By our assumption and Lemma 2.5, there holds κj(λr
2
λ,j)
1
p−1 ≤ C. Thus we may assume
(up to a subsequence) that κj(λr
2
λ,j)
1
p−1 → t ∈ [0,+∞). Moreover, we have wλ(x) ≤ C for
ant x ∈ BR(0) ∩ Ωj , which implies
κj(λr
2
λ,j)
1
p−1 (
1
2pi
ln
1
rλ,j
+
∑
i 6=j
κi
κj
G(zλ,j, zλ,i)− κ˜λ,j
κj
−H(zλ,j, zλ,j))→ αj ∈ [0,+∞).
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If p = 1, we can calculate in a same way to get
wλ = A
−1
1 (ψλ(r¯λ,jx+ zλ,j)− κ˜λ,j)
=
κj
A1
(
k∑
i=1
κi
κj
G(r¯λ,jx+ zλ,j, zλ,i)− κ˜λ,j
κj
+O(
1
L
))
=
κj
A1
1
2pi
ln
1
|x|
+
κj
A1
(
1
4pi
lnλ+
∑
i 6=j
κi
κj
G(r¯λ,jx+ zλ,j, zλ,i)− κ˜λ,j
κj
−H(r¯λ,jx+ zλ,j , zλ,j) +O( 1
L
)),
and
κj
A1
(
1
4pi
lnλ+
∑
i 6=j
κi
κj
G(zλ,j , zλ,i)− κ˜λ,j
κj
−H(zλ,j, zλ,j))→ αj ∈ [0,+∞).
Recalling the definition of r¯λ,j we have given before Lemma 2.5, there are two possibilities:
(i) r¯−1λ,jd(zλ,j, ∂Ω) → +∞; (ii) r¯−1λ,jd(zλ,j, ∂Ω) → a < +∞. We will prove that case (ii) can
not occur
Suppose that (i) occurs. Then from (2.14). We have wλ → w in C1loc(R2), where w
satisfies 

−∆w = wp+ +
∑
i∈I
(w − βi)p+ in BR(0),
w = t
2pi
ln 1
|x|
+ αj in BR(0) \BL(0),
(2.20)
where R >> L >> 1 are two constants, and I consists of all i 6= j with zλ,j−zλ,i
r¯λ,j
≤ C, and
βj =
{
lim
λ→+∞
(λr2λ,j)
1
p−1 (κ˜λ,i − κ˜λ,j) ∈ [−∞,+∞], for p 6= 1,
A−11 (κ˜λ,i − κ˜λ,j) for p = 1.
Since −∆w ≥ 0, w attains its minimum at the boundary of BR(0). So w(x) ≥ t2pi ln 1R +αj
for all x ∈ BR(0). Notice that wp+ +
∑
i∈I
(w − βi)p+ is an increasing function of w. We
use the method of moving plane to conclude that the solutions of (2.20) must be radially
symmetric, and w′(r) < 0 for any r > 0.
Suppose that case (ii) occurs. Similar to case (i), we have wλ → w in C1loc(R2+) and after
suitable translation and rotation w satisfies

−∆w = wp+ +
∑
i∈I
(w − βi)p+ in BR(0) ∩ R2+,
w = t
2pi
ln 1
|x|
+ αj in (BR(0) \BL(0)) ∩ R2+,
(2.21)
If p = 1, by Lemma 2.2,
κ˜λ,j
A1
→ +∞ as λ→ +∞. If p 6= 1, we also claim that as λ→ +∞,
κ˜λ,j(λr
2
λ,j)
1
p−1 → +∞. (2.22)
Notice that if p > 1, (2.22) is obvious since κ˜λ,j → +∞ and λr2λ,j ≥ C by Lemma 2.2
and Lemma 2.5. Hence we are to prove (2.22) for 0 < p < 1. To this aim, we argue by
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contradiction. Suppose that as λ→ +∞,
κ˜λ,j(λr
2
λ,j)
1
p−1 → +β ∈ [0,∞).
Since ψλ = 0 on ∂Ω, it holds wλ = −κ˜λ,j(λr2λ,j)
1
p−1 on ∂Ωj . Thus, w(x1, 0) = β for
x1 ∈ (−R,R). This together with the last relation in (2.21), gives t = 0 and αj = −β.
On the other hand, since ψλ ∈ 0, we have w ≥ −β. Thus, w attains its minimum −β in
the whole region (BR(0) \ BL(0)) ∩ R2+. This is a contradiction to the strong maximum
principle. So (2.22) is proved.
Let w1 be the soluyion of{−∆w1 = 1B
δr¯
−1
λ,j
(0)(wλ)
p
+ + f(r¯λ,jy + zλ,j) in Ωj ,
w1 = 1 on ∂Ωj .
Then w1 > 0. For p 6= 1, let w2 = wλ − w1 satisfy −∆w2 = 0 in Ωj and w2 =
−κ˜λ,j(λr2λ,j)
1
p−1 − 1 on ∂Ωj . This gives
wλ = w1 − κ˜λ,j(λr2λ,j)
1
p−1 − 1. (2.23)
Since r¯−1λ,jd(zλ,j, ∂Ω) → a < +∞ as λ → +∞, for R > 0 large, it holds ∂Ωj ∩ BR(0) 6= ∅.
Using the Morse Harnack inequality and noting that wλ is bounded in Ωj ∩ BR(0), we
deduce that
sup
Ωj∩BR(0)
w1 ≤ C( inf
Ωj∩BR(0)
w1 + 1) ≤ 2C,
which together with (2.23), gives
wλ ≤ C ′ − κ˜λ,j(λr2λ,j)
1
p−1 < 0 in Ωj ∩ BR(0).
This is a contradiction to wλ(0) > 0. For p = 1, using a similar argument we can obtain
wλ ≤ C − κ˜λ,j
A1
< 0 in Ωj ∩ BR(0),
which also leads a contradiction. 
Lemma 2.7. As λ→ +∞, for j 6= i, it holds
|zλ,i − zλ,j |
max(r¯λ,j , r¯λ,j)
→ +∞
Proof. We will argue by contradiction, Fix j and suppose that there are j1, · · · , jk and
jh 6= j, h = 1, · · · , k, such that
|zλ,jh − zλ,j|
max(r¯λ,jh, r¯λ,j)
≤ C,
for some C > 0. Without loss of generality, we assume that r¯λ,j > maxh r¯λ,j. Otherwise,
we will replace j by some jh. This implies zλ,jh ∈ BRr¯λ,j (zλ,j) for some jh 6= j and R > 0
large enough.
LOCAL UNIQUENESS OF VORTICES FOR 2D STEADY EULER FLOW 15
It follows from Lemma 2.6 that
∂ψλ
∂ν
< 0 in BRr¯λ,j (zλ,j) \ {zλ,j},
where ν =
x−zλ,j
|x−zλ,j |
. However, we have ∇ψλ(zλ,jh) = 0, which is a contradiction. 
Proof of Proposition 2.3: It follows from Lemma 2.7 that w is a solution of{
−∆w = wp+ in BR(0),
w = t
2pi
ln 1
|x|
+ αj in BR(0) \BL(0), (2.24)
For the case p > 0 and p 6= 1, Since min
y∈∂Ωλ,j
|y − zλ,j | ≤ rλ,j and max
y∈∂Ωλ,j
|y − zλ,j| ≥ rλ,j,
we can find a y¯λ,j ∈ ∂Ωλ,j , such that |y¯λ,j − zλ,j | = rλ,j . Let yλ = y¯λ,j−zλ,jrλ,j . Then |yλ| = 1
and rλ,jyλ + zλ,j = y¯λ,j ∈ ∂Ωλ,j . Hence wλ(yλ) = 0. As a result, there exists a y satisfying
|y| = 1, such that w(y) = 0. That is {x : w > 0} = B1(0), which gives
w(x) = φ(|x|) for x ∈ B1(0),
where φ(x) = φ(|x|) is the radial solution of
−∆φ = φp, φ > 0, φ ∈ H10 (B1(0)),
and −∆w = 0 in BR(0) \B1(0). Since w ∈ C1(BR(0)), we have
w(x) = |φ′(1)| ln 1|x| for x ∈ BR(0) \B1(0).
Comparing this result with the second relation in (2.24), we conclude t = 2pi|φ′(1)| and
αj = 0. So we have
κj(λr
2
λ,j)
1
p−1 → 2pi|φ′(1)|,
and
1
2pi
ln
1
rλ,j
+
∑
i 6=j
κi
κj
G(zλ,j , zλ,i)− κ˜λ,j
κj
−H(zλ,j, zλ,i) = o(1).
For the case p = 1, by using w¯ to denote w, we can study the local behavior of ψλ just
as the case p 6= 1. However, in this linear case we have
w¯(x) = ϕ(|x|) for x ∈ Bγ(0),
where γ > 0 is the constant, such that 1 is the first eigenvalue of −∆ in Bγ(0) with the zero
Dirichlet boundary condition, and ϕ(x) = ϕ(|x|) > 0 is the first eigenfunction of −∆ in
Bγ(0) with ϕ(0) = 1. Moreover, we have −∆w = 0 in BR(0)\Bγ(0). Since w¯ ∈ C1(BR(0)),
it holds
w(x) = γ|φ′(γ)| ln 1|x| for x ∈ BR(0) \Bγ(0).
Comparing with (2.24), we conclude t = 2piγ|ϕ′(γ)| and αj = 0. So we have
A1 =
κj
2piγ|ϕ′(γ)| and rλ,j = γλ
− 1
2 (1 + o(1)) = γr¯λ,j(1 + o(1)).
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Moreover,
1
4pi
lnλ+
∑
i 6=j
κi
κj
G(zλ,j , zλ,i)− κ˜λ,j
κj
−H(zλ,j, zλ,i) = o(1).
Let lλ = min
i 6=j
|zλ,i−zλ,j |, dλ = min
0≤i≤k
d(zλ,j, ∂Ω) and τλ = min(lλ, dλ). We see from Lemma
2.6 and 2.7 that τλ
rλ,j
→ +∞ as λ→ +∞. We have the following Pohozaev identity:
−
∫
B 1
4 τλ
(zλ,j)
∂ψλ
∂ν
∂ψλ
∂xi
+
1
2
∫
B 1
4 τλ
(zλ,j)
|∇ψλ|2νi = 0, (2.25)
where ν = (ν1, ν2) is the outward unit normal of ∂B 1
4
τλ
(zλ,j). Using Lemma 2.1, we obtain
from (2.25) that
−
k∑
l=1
k∑
h=1
∫
B 1
4 τλ
(zλ,j)
κlκh〈DG(zλ,h, x), ν〉DxiG(zλ,l, x)
+
1
2
∫
B 1
4 τλ
(zλ,j)
(|
k∑
l=1
κlDG(zλ,h, x)|)2νi = O(
k∑
j=1
rλ,j
τ 2λ
)
(2.26)
For any τ > θ > 0 small, it holds
−
∫
∂Bτ (zλ,j)
〈DG(zλ,h, x), ν〉DxiG(zλ,l, x) +
1
2
∫
∂Bτ (zλ,j)
(|
k∑
l=1
DG(zλ,h, x)|)2νi
= −
∫
∂Bθ(zλ,j)
〈DG(zλ,h, x), ν〉DxiG(zλ,l, x) +
1
2
∫
∂Bθ(zλ,j)
(|
k∑
l=1
DG(zλ,h, x)|)2νi
(2.27)
According to (2.26) and (2.27) we have
∇Wk(zλ,1, · · · , zλ,k) = O(
k∑
j=1
rλ,j
τ 2λ
) = o(
1
τλ
). (2.28)
Now we claim that τλ ≥ c0 ≥ 0. We argue by contradiction. If τλ → 0, there are two cases:
(i) lλ ≤ o(1)dλ; (ii) lλ ≥ cdλ for some constant c > 0.
If case (i) occurs, then τλ = lλ. From
DH(zλ,i, x)|x=zλ,j = O(
1
dλ
) = o(
1
τλ
).
It follows from(2.28) that
k∑
i 6=j
κiκj
zλ,i − zλ,j
|zλ,i − zλ,j |2 = o(
1
lλ
) for j = 1, · · · , k. (2.29)
LOCAL UNIQUENESS OF VORTICES FOR 2D STEADY EULER FLOW 17
There exists a subset J of {1, · · · , k}, such that for any j1, j2 ∈ J, j1 6= j2, it holds
|zλ,j1 − zλ,j2| ≤ Clλ, and |zλ,i−zλ,j|lλ → +∞, for i /∈ J and j ∈ J . Then, (2.29) becomes∑
i 6=j,i∈J
κiκj
zλ,i − zλ,j
|zλ,i − zλ,j |2 = o(
1
lλ
) for j ∈ J. (2.30)
We may assume that |(zλ,i − zλ,j)1| ≥ c′lλ for some c′ > 0, where y1 is the first coordinate
of y. Then from (2.30), it holds
∑
i 6=j,i∈J1
κiκj
|(zλ,i − zλ,j)1|
|zλ,i − zλ,j |2 = o(
1
lλ
) for j ∈ J1 (2.31)
for some subset J1 of J , satisfying |(zλ,i−zλ,j)1| ≥ c′′lλ for any i, j ∈ J1 and i 6= j. However,
(2.31) can not hold at zλ,j with (zλ,j)1 = max
i∈J1
(zλ,i)1.
If case (ii) occurs, then dλ → 0. We also argue by contradiction, and estimate each
individual term of ∇Wk. Take zλ,j satisfying d(zλ,j , ∂Ω) = dλ. We consider (2.28) at zλ,j .
It holds
∂h(zλ,j)
∂ν
=
C
dλ
(1 + o(1)), (2.32)
where ν is the outward unit normal of ∂Ω at z¯λ,j with |zλ,j − z¯λ,j| = dλ, and C > 0 is some
constant.
On the other hand, if
|zλ,i−zλ,j|
dλ
→ +∞ for i 6= j, then
DG(pλ,i, x)|x=zλ,j = o(
1
dλ
). (2.33)
If cdλ ≤ |zλ,i − zλ,j| ≤ Ldλ for i 6= j and some L > 0, since 〈 zλ,j−zλ,i|zλ,j−zλ,i| , ν〉 > 0, it is easy to
check
− 〈DG(zλ,i, x)|x=zλ,j , ν〉 ≥
C ′
|zλ,j − zλ,i| 〈
zλ,j − zλ,i
|zλ,j − zλ,i| , ν〉 ≥
C ′′
dλ
, (2.34)
where C ′, C ′′ are positive consants. Combining (2.32) (2.33) and (2.34), we obtain
C
dλ
(1− o(1)) + o( 1
dλ
) +
C ′′
dλ
≤ ∇Wk(zλ,1, · · · , zλ,k) = o( 1
dλ
)
which is a contradiction. So we have proved Proposition 2.3. 
Proof of Theorem 2.3: From (2.28) and Proposition 2.3, we have
∇Wk(zλ,1, · · · , zλ,k) = O(rλ,j).
The desired result follows. 
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3. the estimates for the case p > 0 and p 6= 1
In this section, we will estimate rλ,j, |zλ,j −x0,j | and κ˜λ,j for the case p 6= 1. Using (2.8),
we can calculate the local vorticity strength of the flow
κj =
2piκ˜λ,j
ln 1
rλ,j
+ 2pi
∑
i 6=j
κi
κj
G(zλ,j, zλ,i)− κ˜λ,jκj − 2piH(zλ,j, zλ,i) + o(1)
. (3.1)
From (2.9), we find λr2λ,j = (
2pi|φ′(1)|
κj
)p−1(1 + o(1)). This, together with (3.1), gives
4piκ˜λ,j
lnλ
= κj +O(
1
lnλ
), (3.2)
and
rλ,j =
1√
λ
(
2pi|φ′(1)|
κλ,j
)
p−1
2 (1 +O(
1
lnλ
)), (3.3)
where
κλ,j =
4piκ˜λ,j
lnλ
2pi|φ′(1)|
κj(λr2λ,j)
1
p−1
.
Let
uλ =
2pi|φ′(1)|
κj(λr2λ,j)
1
p−1
4pi
lnλ
ψλ and λ¯ = (
2pi|φ′(1)|
κj(λr2λ,j)
1
p−1
4pi
lnλ
)1−pλ. (3.4)
Then from (3.2), κλ,j → κj as λ→ +∞. Moreover uλ satisfies

−∆uλ = λ¯
k∑
j=1
1Bδ(x0,j)(uλ − κλ,j)p+ in Ω,
uλ = 0 on Ω,
(3.5)
and
λ(
κ˜λ,j
κλ,j
)p
∫
Bδ(x0,j)∩{uλ>κλ,j}
(uλ − κλ,j)p+ = κj . (3.6)
We denote
ε :=
1√
λ¯
. (3.7)
We will mainly investigate problem (3.5) and (3.6). We first discuss the global approxima-
tion for the solution of (3.5).
Let R > 0 be a large constant, such that for any x ∈ Ω, Ω ⊂ BR(x). Consider the
following problem: {
−ε2∆u = (u− a)p+, u > 0, in BR(0),
u = 0 on ∂BR(0),
(3.8)
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where a > 0 is a constant. Then, (3.8) has a unique radial solution Wε,a(y), which can be
written as
Wε,a(y) =
{
a+ (ε/sε)
2
p−1φ( |x|
sε
) |x| ≤ sε,
a ln |x|
R
/ ln sε
R
sε ≤ |x| ≤ R,
(3.9)
where φ(x) = φ(|x|) is the unique radial solution of
−∆φ = φp, φ > 0, φ ∈ H10 (B1(0)),
and sε is a constant, such that Wε,a(y) ∈ C1(BR(0)). So sε ∈ (0, R) satisfies
(
ε
sε
)
2
p−1φ′(1) =
a
ln(sε/R)
. (3.10)
We see that ε > 0 is sufficiently small, (3.10) is uniquely solvable for sε small. Morever,
we have the following expansion for sε:
sε = ε(
φ′(1) ln ε
a
)
p−1
2 (1 +O(
ln | ln ε|
| ln ε| )). (3.11)
For any x ∈ Ω, define Wε,x,a(y) =Wε,a(y − x). Because Wε,x,a(y) does not satisfy the zero
boundary condition, we need to make a projection. Let
PWε,x,a(y) = Wε,x,a(y)− a
ln R
sε
g(y, x), (3.12)
where g(y, x) satisfies {
−∆g = 0 in Ω,
g = ln R
|y−x|
on ∂Ω.
It is easy to see
g(y, x) = lnR + 2piH(y, x),
where H(y, x) is the regular part of Green’s function.
For each maximum point zλ,j of uλ, we choose xε,j ∈ Bδ(zλ,j), which is to be determined
later. Let xε = (xε,1, · · · , xε,k). For aε = (aε,1, · · · , aε,k), we denote
Uε,xε,aε =
k∑
j=1
PWε,xε,j,aε,j (y), (3.13)
where aε,j is chosen suitably close to κj . We will choose xε, aε and sε,j, such that following
conditions holds:
∇Uε,xε,aε(zλ,j) = 0, (3.14)
and
aε,i = κλ,i +
aε,i
ln R
sε,i
g(xε,i, xε,i)−
∑
j 6=i
aε,j
ln R
sε,i
G¯(xε,i, xε,j), (3.15)
20 DAOMIN CAO, SHUSEN YAN, WEILIN YU, CHANGJUN ZOU
where G¯(y, x) = ln R
|y−x|
− g(y, x). Here G¯(y, x) = 2piG(y, x) and G(y, x) is the Green’s
function of −∆ subject to the zero boundary condition. Then we find for y ∈ BLsε,i(xε,i),
where L > 0 is any fixed constant,
Uε,xε,aε(y)− κλ,i
=Wε,xε,i,aε,i(y)− aε,i −
aε,i
ln R
sε,i
〈Dg(xε,i, xε,i), y − xε,i〉
+
∑
j 6=i
aε,j
ln R
sε,i
〈DG¯(xε,i, xε,j), y − xε,i〉+O(
s2ε,i
| ln ε|).
(3.16)
Using (3.9), (3.14) can be written as
1
sε,i
(
ε
sε,i
)
2
p−1φ′(
|zλ,j − xε,i|
sε,i
) =
aε,i
ln R
sε,i
g(xε,i, xε,i)−
∑
j 6=i
aε,j
ln R
sε,i
G¯(xε,i, xε,j.)
We can solve (3.10) (3.14) and (3.15) to obtain aε,i, xε,i and sε,i. Moreover, we have
|zλ,j − xε,i| = O(s2ε,i) and aε,i = κλ,i +O(
1
| ln ε|), (3.17)
and by (3.3) and (3.11), we find
|rλ,i − sε,i| = O(ε| ln ε|
p−3
2 ln | ln ε|). (3.18)
We are going to estimate
ωε = uλ − Uε,xε,aε. (3.19)
Lemma 3.1. As ε→ 0+,
||ωε||L∞(Ω) = o( 1| ln ε|).
Proof. Using (2.7), (3.4), (3.16), (3.17) and (3.18), we can calculate to obtain
||ωε||L∞(∪kj=1BLrλ,j (zλ,j)) = ||uλ − Uε,xε,aε||L∞(∪kj=1BLrλ,j (zλ,j))
=
k∑
j=1
(
κλ,j
κ˜λ,j
(λr2λ,j)
− 1
p−1 (φ(
|x− zλ,j |
rλ,j
) + o(1))− ( ε
sε,j
)
2
p−1φ(
|x− xε,j|
sλ,j
) +O(
k∑
j=1
sε,j
| ln ε|))
=
k∑
j=1
(
4pi
lnλ
· κj + o(1)
2pi|φ′(1)| (φ(
|x− zλ,j |
rλ,j
) + o(1))− aε,j|φ′(1)|(| ln ε|+O(1))φ(
|x− xε,j|
sλ,j
) +O(
k∑
j=1
sε,j
| ln ε|))
= o(
1
lnλ
) = o(
1
| ln ε|).
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Noting that H(x, zλ,j) ≥ −C in Ω ∩ Bδ(zλ,j) \ BLrλ,j(zλ,j), it follows from Lemma 2.1 and
(3.1) that for x ∈ Ω ∩ Bδ(zλ,j) \BLrλ,j(zλ,j),
ψλ(x) ≤ κj( 1
2pi
ln
1
|x− zλ,j| +O(1)) +O(1)
=
2piκ˜λ,j
| ln rλ,j|(1 +O(
1
| ln rλ,j|))(
1
2pi
ln
1
|x− zλ,j | +O(1)) +O(1)
≤ κ˜λ,j(1− lnL| ln rλ,j| +
C
| ln rλ,j |) +O(1) < κ˜λ,j .
If L > 0 is large, this gives
uλ(x) =
2pi
| ln ε|ψλ < κλ,j for x ∈ Ω ∩Bδ(zλ,j) \BLrλ,j(zλ,j). (3.20)
Similar to Lemma A.1 and Lemma A.2 in the Appendix, we can show that
Uε,xε,aε(x) < κλ,j for x ∈ Ω ∩ Bδ(zλ,j) \BLrλ,j(zλ,j). (3.21)
As a result, we obtain
−∆ωε = 0 in Ω \ ∪kj=1BLrλ,j(zλ,j).
By the maximum principle, it holds
||ωε||L∞(Ω\∪kj=1BLrλ,j (zλ,j)) ≤ ||ωε||L∞(∪kj=1∂BLrλ,j (zλ,j)) = o(
1
| ln ε|)

Now, we will estimate the error term ωε defined by (3.19). We define the linear operator
Lε as follows
Lεω = −ε2∆ω − p
k∑
j=1
1Bδ(x0,j)(Uε,xε,aε − κλ,j)p−1+ ω ω ∈ W 2,q(Ω) ∩H10 (Ω), (3.22)
where q > 2. Note that ωε satisfies
Lεωε = lε +Rε(ωε), (3.23)
where
lε =
k∑
j=1
1Bδ(x0,j)(Uε,xε,aε − κλ,j)p+ −
k∑
j=1
1Bδ(x0,j)(Wε,xε,j,aε,j − aε,j)p+, (3.24)
and
Rε(ωε) =
k∑
j=1
1Bδ(x0,j)((Uε,xε,aε + ωε − κλ,j)p+ − (Uε,xε,aε − κλ,j)p+ − p(Uε,xε,aε − κλ,j)p−1+ ωε).
(3.25)
Then, from (3.20) and (3.21), it holds
lε +Rε(ωε) = 0 in Ω \ ∪kj=1B2Lsε,j(xε,j). (3.26)
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Recall that zλ,j ∈ Ω is a maximum point of uλ, which satisfies the conditions in Proposition
2.3, and xε,j ∈ Ω satisfies (3.14) and (3.17). By (3.14), we have
∇ωε(zλ,j) = 0. (3.27)
To discuss the linear operator Lε, we need to do some preparations first. Let
w =
{
φ(|y|) if |y| ≤ 1,
|φ′(1)| ln 1
|y|
if |y| > 1,
where φ(y) = φ(|y|) is the unique solution of
−∆φ = φp, φ > 0, φ ∈ H10 (B1(0)).
Then w ∈ C1(R2). It is easy to check that w satisfies
−∆w = wp+ in R2. (3.28)
The linearized operator for (3.28) is
−∆v − pwp−1+ v = 0. (3.29)
We can find the following result in [17, 20, 21]
Proposition 3.2. Let v ∈ L∞(R2) ∩ C(R2) be a solution of (3.29). Then
v ∈ span{ ∂w
∂y1
,
∂w
∂y2
}.
Now we can prove the following estimate for ωε.
Proposition 3.3. For any q ∈ (2,+∞], there are constants ρ0 > 0 and ε0, such that for
any ε ∈ (0, ε0], it holds
s
− 2
q
ε,1 ||Lεωε||Lq(∪ki=1BLsε,i (xε,i)) ≥
ρ0
| ln ε|p−1 ||ωε||L∞(Ω).
Proof. Let ω˜ε,j = ωε(sε,jy + xε,j) and
L˜ju = −∆u− p
k∑
i=1
s2ε,j
ε2
(Uε,xε,aε(sε,jy + xε,j)− κλ,i)p−1+ u.
Assume that there are εn → 0+ such that εn satisfies
||ωεn||L∞(Ω) = 1 (3.30)
and
s
− 2
q
εn,1||Lεωεn||Lq(∪ki=1BLsεn,i (xεn,i)) ≤
1
n
1
| ln εn|p−1 .
By (3.10), since 0 < c0 ≤ sε,1sε,i ≤ c1 < +∞ ∀i = 2, · · · , k, for any q ∈ (2,+∞] we have
||ω˜εn,j||L∞(Ωj) = 1, (3.31)
and
||L˜jω˜εn,j||Lq(BL(0)) ≤
1
n
,
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where Ωj := {y | sεn,jy + xεn,j ∈ Ω}. Let gn = L˜jω˜εn,j, then
−∆ω˜εn,j = p
k∑
i=1
s2εn,j
ε2n
(Uεn,xεn ,aεn (sεn,jy + xεn,j)− κλ,i)p−1+ ω˜εn,j + gn. (3.32)
Using (3.10) and (3.16), the right hand side of (3.32) is bounded in Lqloc(R
2) for any
q ∈ (2,+∞]. By the regularity theory of elliptic equations, ω˜εn,j is bounded in W 2,qloc (R2).
We deduce from the Sobolev embedding that ω˜εn,j is bounded in C
1
loc(R
2) for some α > 0.
So we can assume that ω˜εn,j converges uniformly in any compact set of R
2 to ω ∈ L∞(R2)∩
D1,2(R2) . It is easy to check that ω satisfies
−∆ω = pwp−1+ ω in R2.
By Proposition 3.2, it holds
ω = C1
∂w
∂y1
+ C2
∂w
∂y2
.
On the other hand, according to (3.27), it holds ∇ωεn(zλn,j) = 0 and zλn,j−xεn,jsεn,j → 0, thus∇ω(0) = 0. This implies C1 = C2 = 0. That is, ω ≡ 0. Thus we have proved ωεn = o(1)
in BLsεn,j (xεn,j) for any L > 0. It deduce from (3.23) and (3.26) that
Lεnωεn = 0 in Ω \ ∪kj=1BLsεn,j(xεn,j).
Thus
−∆ωεn = 0 in Ω \ ∪kj=1BLsεn,j(xεn,j).
However, ωεn = 0 on ∂Ω and ωεn = o(1) on ∂BLsεn,j(xεn,j). By the maximum principle,
||ωεn||L∞(Ω) = o(1) as n→ +∞. (3.33)
Noticing that 0 < c0 ≤ sε,1sε,i ≤ c1 < +∞ ∀i = 2, · · · , k, we obtain a contradiction from
(3.30) and (3.33). Hence we complete the proof. 
Proposition 3.4. One has
||ωε||L∞(Ω) = O(
k∑
j=1
sε,j
| ln ε|).
Proof. According to (3.23), we can apply Proposition 3.3 to obtain
||ωε||L∞(Ω) ≤ C| ln ε|p−1s−
2
q
ε,1 ||lε +Rε(ωε)||Lq(∪ki=1BLsε,i (xε,i)). (3.34)
So we only need to estimate ||lε +Rε(ωε)||Lq(∪ki=1BLsε,i (xε,i)). In order to simplify our proof,
we use || · ||q to denote the Lq norm, and use || · ||∞ to denote the L∞ norm. By (3.16) and
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(3.24), we have
||lε||q = ||
k∑
j=1
1Bδ(x0,j)(Uε,xε,aε − κλ,j)p+ −
k∑
j=1
1Bδ(x0,j)(Wε,xε,j ,aε,j − aε,j)p+||q
≤
k∑
j=1
Csε,j
| ln ε| ||(Wε,xε,j,aε,j − aε,j)
p−1
+ ||q
= O(
k∑
j=1
s
2
q
+1
ε,j
| ln ε|p ),
(3.35)
and by Lemma 3.1, (3.25) and Lemma A.2 in the Appendix we have
||Rε(ωε)||q = ||
k∑
j=1
1Bδ(x0,j)((Uε,xε,aε + ωε − κλ,j)p+ − (Uε,xε,aε − κλ,j)p+ − p(Uε,xε,aε − κλ,j)p−1+ ωε)||q
≤ C||ωε||2∞||
k∑
j=1
1Bδ(x0,j)((Uε,xε,aε − κλ,j)p−2+ ||q
= O(
k∑
j=1
s
2
q
ε,j
| ln ε|p−2 )||ωε||
2
∞ = o(
k∑
j=1
s
2
q
ε,j
| ln ε|p−1 )||ωε||∞.
(3.36)
Note that when p < 1, there will be undesirable singularity cased by (Wε,xε,j ,aε,j − aε,j)p−1+
and (Uε,xε,aε−κλ,j)p−2+ . However, by Lemma 3.1 we have ||ωε||L∞(Ω) = o( 1| ln ε|). As a result,
this singularity doesn’t affect our eatimate. Combining (3.34), (3.35) and (3.36), it holds
||ωε||∞ ≤ o(1)||ωε||∞ +O(
k∑
j=1
sε,j
| ln ε|),
and the result follows. 
Now, Lemma A.2 in the Appendix can be rewritten as follows.
Proposition 3.5. if p > 0 and p 6= 1, The set
Γ¯ε,j = {y : uλ(sε,jy + xε,j) = κλ,j} ∩BL(0)
is a closed curve in R2, and
Γ¯ε,j(θ) = (1 + t¯ε,j)(cos θ, sin θ) = (cos θ, sin θ) +O(sε,i), θ ∈ [0, 2pi], (3.37)
for some function t¯ε,j.
Using Proposition 3.5, we can improve the estimate in Lemma 2.1.
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Proposition 3.6. If p > 0 and p 6= 1, one has
ψλ(x) =
k∑
j=1
κjG(xε,j, x) +O(
k∑
j=1
λs4ε,j
|x− xε,j|), (3.38)
and
∂ψλ(x)
∂xi
=
k∑
j=1
κj
∂G(xε,j , x)
∂xi
+O(
k∑
j=1
λs4ε,j
|x− xε,j|2 ), (3.39)
for x ∈ Ω \ ∪kj=1BLsε,j(xε,j), where L > 0 is a large constant.
Proof. For any x ∈ Ω \ ∪kj=1BLsε,j (xε,j), by (3.4) and (3.6) we have
ψλ(x) = λ(
κ˜λ,j
κλ,j
)p
k∑
j=1
1Bδ(x0,j)
∫
Ω
(uλ(x)− κλ,j)p+G(y, x)dy
=
k∑
j=1
κλ,jG(xε,j, x) + λ
k∑
j=1
1Bδ(x0,j)(
κ˜λ,j
κλ,j
)p
∫
Ω
(uλ(x)− κλ,j)p+(G(y, x)−G(xε,j, x))dy
=
k∑
j=1
κλ,jG(xε,j, x) + λ
k∑
j=1
(
κ˜λ,j
κλ,j
)p
∫
Ωλ,j
(uλ(x)− κλ,j)p+〈∇G(xε,j, x), y − xε,j〉dy
+O(
k∑
j=1
λs4ε,j
|x− xε,j|).
By Lemma 3.1 and Proposition 3.5, we have
(
κ˜λ,j
κλ,j
)p
∫
Ωλ,j
(uλ(x)− κλ,j)p+〈∇G(xε,j, x), y − xε,j〉dy
= (
κ˜λ,j
κλ,j
)p
∫
Ωλ,j\BLsε,j (xε,j)
(uλ(x)− κλ,j)p+〈∇G(xε,j, x), y − xε,j〉dy
+ (
κ˜λ,j
κλ,j
)p
∫
BLsε,j (xε,j)
(Uε,xε,aε + ωε − κλ,j)p+〈∇G(xε,j, x), y − xε,j〉dy
= O(
sε,j
|x− xε,j| |Ωλ,j \BLsε,j (xε,j)|) +O(1)
∫
BLsε,j (xε,j)
ωε〈∇G(xε,j, x), y − xε,j〉dy
= O(
k∑
j=1
s4ε,j
|x− xε,j |).
Using (3.4), (3.38) is proved and we can prove (3.39) similarly. 
In the following, we will use Dx to denote the partial derivative for G(y, x) with respect
to x. We can prove the following result.
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Proposition 3.7. If p > 0 and p 6= 1 and x0 = {x1, · · · , xk} ∈ Ωk is a non-degenerate
critical point of Wk(x), then we have
|xε,j − x0,j | = O(
k∑
j=1
s2ε,j) j = 1, · · · , k, (3.40)
aε,j(xε,1, · · · , xε,k) = aε,j(x0) +O(
k∑
j=1
s2ε,j) j = 1, · · · , k, (3.41)
and
sε,j(xε,1, · · · , xε,k) = sε,j(x0) +O(
k∑
j=1
s2ε,j) j = 1, · · · , k. (3.42)
Proof. We have the following Pohozaev identity:
−
∫
Bδ(xε,j)
∂ψλ
∂ν
∂ψλ
∂xi
+
1
2
∫
Bδ(xε,j)
|∇ψλ|2νi = 0,
where ν = (ν1, ν2) is the outward unit normal of ∂Bτλ(xε,j), and δ > 0 is a small constant.
Using Proposition 3.6, we obtain
−
k∑
l=1
k∑
h=1
∫
Bδ(xε,j)
κlκh〈DG(xε,h, x), ν〉DxiG(xε,l, x)
+
1
2
∫
Bδ(xε,j)
(
k∑
l=1
|κlDG(zλ, x)|)2νi = O(
k∑
j=1
s2ε,j).
Using (2.27) and (1.18), we have
∇Wk(x)(xε,1, · · · , xε,k) = O(
k∑
j=1
s2ε,j). (3.43)
Hence (3.40) is followed from (3.43), from which, we can also deduce (3.41) and (3.42). 
4. the estimates for the case p = 1
For the case p = 1, Using (2.11), we can calculate the local vorticity strength of the flow
κj =
2piκ˜λ,j
1
2
ln 1
λ
+ 2pi
∑
i 6=j
κi
κj
G(zλ,j , zλ,i)− κ˜λ,jκj − 2piH(zλ,j, zλ,i) + o(1)
. (4.1)
This gives
4piκ˜λ,j
lnλ
= κj +O(
1
lnλ
), (4.2)
and by (2.12), we have
rλ,j = γλ
− 1
2 (1 + o(1)). (4.3)
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Let
κλ,j =
4piκ˜λ,j
lnλ
.
On the other hand, we denote
uλ =
4pi
lnλ
ψλ and λ¯ = λ. (4.4)
(The reason why we denote λ¯ = λ is to obtain a same formulation as in (3.4).) Then from
(4.2), κλ,j → κj as λ→ +∞. Moreover uλ satisfies

−∆uλ = λ¯
k∑
j=1
1Bδ(x0,j)(uλ − κλ,j)+ in Ω,
uλ = 0 on Ω,
(4.5)
and
λκ˜λ,j
κλ,j
∫
Bδ(x0,j)∩{uλ>κλ,j}
(uλ − κλ,j)+ = κj . (4.6)
As in (3.7), We denote
ε :=
1√
λ¯
=
1√
λ
. (4.7)
We will mainly investigate problem (4.5) and (4.6). We first discuss the global approxima-
tion for the solution of (4.5).
Let R > 0 be a large constant, such that for any x ∈ Ω,Ω ⊂ BR(x). Consider the
following problem: {
−ε2∆u = (u− a)+, u > 0, in BR(0),
u = 0 on ∂BR(0),
(4.8)
where a > 0 is a constant. Then, (4.8) has a unique solution Vε,a(y), which can be written
as
Vε,a(y) =
{
a+ Aϕ( |x|
ε
) |x| ≤ γε,
a ln |x|
R
/ ln γε
R
γε ≤ |x| ≤ R, (4.9)
where γ is a constant, such that 1 is the first eigenvalue of −∆ in Bγ(0) with the zero
Dirichlet boundary condition, and ϕ(x) = ϕ(|x|) > 0 is the first eigenfunction of −∆ in
Bγ(0) with ϕ(0) = 1, and
A =
a
γϕ′(γ) ln γε
R
> 0. (4.10)
For any x ∈ Ω, define Vε,x,a(y) = Vε,a(y − x). Because Vε,x,a(y) does not satisfy the zero
boundary condition, we need to make a projection. Let
PVε,x,a(y) = Vε,x,a(y)− a
ln R
γε
g(y, x), (4.11)
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where g(y, x) satisfies {
−∆g = 0 in Ω,
g = ln R
|y−x|
on ∂Ω.
For each maximum point zλ,j of uλ, we choose xε,j ∈ Bδ(zλ,j), which is to be determined
later. Let xε = (xε,1, · · · , xε,k). For aε = (aε,1, · · · , aε,k), we denote
Uε,xε,aε =
k∑
j=1
PVε,xε,j,aε,j (y), (4.12)
where aε,j is chosen suitably close to κj . We will choose xε, aε and sε,j, such that following
conditions holds:
∇Uε,xε,aε(zλ,j) = 0, (4.13)
and
aε,i = κλ,i +
aε,i
ln R
γε
g(xε,i, xε,i)−
∑
j 6=i
aε,j
ln R
γε
G¯(xε,i, xε,j), (4.14)
where G¯(y, x) = ln R
|y−x|
− g(y, x). Then we find for y ∈ BLε(xε,i), where L > 0 is any fixed
constant,
Uε,xε,aε(y)− κλ,i
= Vε,xε,i,aε,i(y)− aε,i −
aε,i
ln R
γε
〈Dg(xε,i, xε,i), y − xε,i〉
+
∑
j 6=i
aε,j
ln R
γε
〈DG¯(xε,i, xε,j), y − xε,i〉+O( ε
2
| ln ε|).
(4.15)
Using (4.9), (4.13) can be written as
1
ε
ϕ′(
|zλ,j − xε,i|
sε,i
) =
aε,i
ln R
γε
g(xε,i, xε,i)−
∑
j 6=i
aε,j
ln R
γε
G¯(xε,i, xε,j.)
We can solve (4.13) and (4.14) to obtain aε,i, and xε,i. Moreover, we have
|zλ,j − xε,i| = O(ε2) and aε,i = κλ,i +O( 1| ln ε|). (4.16)
Having these preparations in hand, we are going to estimate
ωε = uλ − Uε,xε,aε. (4.17)
Lemma 4.1. As ε→ 0+,
||ωε||L∞(Ω) = o( 1| ln ε|).
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Proof. From (2.10), (4.3), (4.4), (4.14), (4.15) and (4.16), we can deduce that
||ωε||L∞(∪kj=1BLrλ,j (zλ,j)) = ||uλ − Uε,xε,aε||L∞(∪kj=1BLrλ,j (zλ,j))
=
k∑
j=1
(
4pi
lnλ
(
κj
2piγ|ϕ′(γ)|ϕ(
|x− zλ,j |
ε
) + o(1))−
κλ,j +O(
1
| ln ε|
)
γ|ϕ′(γ)|(| ln ε|+O(1))ϕ(
|x− xε,j|
ε
) +O(
ε
| ln ε|))
= o(
1
lnλ
) = o(
1
| ln ε|).
Then we can proceed as in Lemma 3.1 to obtain the desirable result. 
Now, we will eatimate the error term ωε defined by (4.17). We define the linear operator
Lε as follows
Lεω = −ε2∆ω −
k∑
j=1
1Bδ(x0,j)1{Uε,xε,aε−κλ,j>0}ω ω ∈ W 2,q(Ω) ∩H10(Ω), (4.18)
where q > 2. Note that ωε satisfies
Lεωε = lε +Rε(ωε), (4.19)
where
lε =
k∑
j=1
1Bδ(x0,j)(Uε,xε,aε − κλ,j)+ −
k∑
j=1
1Bδ(x0,j)(Vε,xε,j ,aε,j − aε,j)+, (4.20)
and
Rε(ωε) =
k∑
j=1
1Bδ(x0,j)((Uε,xε,aε+ωε−κλ,j)+−(Uε,xε,aε−κλ,j)+−1{Uε,xε,aε−κλ,j>0}ωε). (4.21)
Similar to (3.26), it holds
lε +Rε(ωε) = 0 in Ω \ ∪kj=1B2Lε(xε,j). (4.22)
Recall that zλ,j ∈ Ω is a maximum point of uλ, which satisfies the conditions in Proposition
2.3, and xε,j ∈ Ω satisfies (4.13) and (4.16). By (4.13), we have
∇ωε(zλ,j) = 0. (4.23)
To discuss the linear operator Lε, we let
w¯ =
{
ϕ(|y|) if |y| ≤ γ,
γ|ϕ′(γ)| ln 1
|y|
if |y| > γ,
where the definition of ϕ and γ is given in (4.9). Then w¯ ∈ C1(R2). It is easy to check
that w satisfies
−∆w = w+ in R2. (4.24)
The linearized operator for (4.24) is
−∆v − 1Bγ(0)v = 0. (4.25)
We can find the following result in [12, 20, 21].
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Proposition 4.2. Let v ∈ L∞(R2) be a solution of (3.29). Then
v ∈ span{ ∂w¯
∂y1
,
∂w¯
∂y2
}.
We can prove the following estimate for ωε, which is a linear version of Proposition 3.3.
Proposition 4.3. For any q ∈ (2,+∞], there are constants ρ1 > 0 and ε0, such that for
any ε ∈ (0, ε0], it holds
ε−
2
q ||Lεωε||Lq(∪ki=1BLε(xε,i)) ≥ ρ1||ωε||L∞(Ω).
Proof. Let ω˜ε,j = ωε(εy + xε,j) and
L˜ju = −∆u − 1{Uε,xε,aε (εy+xε,j)−κλ,i>0}u.
Assume that there are εn → 0+ such that εn satisfies
||ωεn||L∞(Ω) = 1
and
ε−
2
q ||Lεωεn||Lq(∪ki=1BLεn (xεn,i)) ≤
1
n
.
By (3.10), for any q ∈ (2,+∞] we have
||ω˜εn,j||L∞(Ωj) = 1,
and
||L˜jω˜εn,j||Lq(BL(0)) ≤
1
n
.
where Ωj := {y | εny + xεn,j ∈ Ω}. Let gn = L˜jω˜εn,j, it holds
−∆ω˜εn,j = 1{Uεn,xεn ,aε,n(εny+xεn,j)−κλ,i>0}ω˜εn,j + gn.
Then we can use a same arguement as in Proposition 3.3 to get a contradiction. 
Proposition 4.4. One has
||ωε||L∞(Ω) = O( ε| ln ε|).
Proof. According to (4.19), we can apply Proposition 4.3 to obtain
||ωε||L∞(Ω) ≤ Cε−
2
q ||lε +Rε(ωε)||Lq(∪ki=1BLε(xε,i)). (4.26)
So we only need to estimate ||lε + Rε(ωε)||Lq(∪ki=1BLε(xε,i)). We use || · ||q to denote the Lq
norm, and use || · ||∞ to denote the L∞ norm. By (4.15) and (4.20), we have
||lε||q = ||
k∑
j=1
1Bδ(x0,j)(Uε,xε,aε − κλ,j)+ −
k∑
j=1
1Bδ(x0,j)(Vε,xε,j,aε,j − aε,j)+||q
≤
k∑
j=1
Cε
| ln ε| |Ωλ,j|
1
q = O(
ε
2
q
+1
| ln ε|),
(4.27)
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Define
S1ε,j := {y ∈ Bδ(x0,j) : Uε,xε,aε(y) < κλ,j}∆{y ∈ Bδ(x0,j) : Uε,xε,aε(y) + ωε < κλ,j},
and
S2ε,j := {y ∈ Bδ(x0,j) : Uε,xε,aε(y) > κλ,j}∆{y ∈ Bδ(x0,j) : Uε,xε,aε(y) + ωε > κλ,j},
where ∆ denotes the sysmmetric difference of two sets. By Lemma 4.1 and Lemma B.2,
we have
∪kj=1 |S1ε,j|+ ∪kj=1|S2ε,j| = o(ε2). (4.28)
Then from (4.21) and (4.28), it holds
||Rε(ωε)||q = ||
k∑
j=1
1Bδ(x0,j)((Uε,xε,aε + ωε − κλ,j)+ − (Uε,xε,aε − κλ,j)+ − 1{Uε,xε,aε−κλ,j>0}ωε)||q
≤ C||ωε||∞(∪kj=1|S1ε,j|+ ∪kj=1|S2ε,j|)
1
q
= o(1)ε
2
q ||ωε||∞.
(4.29)
Combing (4.27) and (4.29), one has
||ωε||∞ ≤ o(1)||ωε||∞ +O( ε| ln ε|),
Hence the result follows. 
So we can rewrite Lemma B.2 in the Appendix as follows.
Proposition 4.5. if p = 1, The set
Γ¯ε,j = {y : uλ(εy + xε,j) = κλ,j} ∩ BL(0)
is a closed curve in R2, and
Γ¯ε,j(θ) = (γ + t¯ε,j)(cos θ, sin θ) = (γ cos θ, γ sin θ) +O(ε), θ ∈ [0, 2pi], (4.30)
for some function t¯ε,j.
Since Proposition 4.6 and Proposition 4.7 are versions of Proposition 3.6 and Proposition
3.7, we omit their proof.
Proposition 4.6. If p = 1, one has
ψλ(x) =
k∑
j=1
κjG(xε,j, x) +O(
λε4
|x− xε,j |), (4.31)
and
∂ψλ(x)
∂xi
=
k∑
j=1
κj
∂G(xε,j , x)
∂xi
+O(
λε4
|x− xε,j|2 ), (4.32)
for x ∈ Ω \ ∪kj=1BLε(xε,j), where L > 0 is a large constant.
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Proposition 4.7. If p = 1 and x0 = {x1, · · · , xk} ∈ Ωk is a non-degenerate critical point
of Wk(x), then we have
|xε,j − x0,j | = O(ε2) j = 1, · · · , k, (4.33)
and
aε,j(xε,1, · · · , xε,k) = aε,j(x0) +O(ε2) j = 1, · · · , k. (4.34)
5. uniqueness results
In this section, we will prove the local uniqueness result Theorem 1.2. We argue by
contradiction. Suppose (3.5)-(3.6) or (4.5)-(4.6) has two different solutions u
(1)
λ and u
(2)
λ ,
which blow up at x0. We will use x
(i)
ε,j, s
(i)
ε,j and κ
(i)
λ,j to denote the parameters appearing in
u
(i)
λ . Let
ξε(y) =
u
(1)
λ (y)− u(2)λ (y)
||u(1)λ − u(2)λ ||L∞(Ω)
. (5.1)
Then, ξε satisfies ||ξε||L∞(Ω) = 1 and
−∆ξε = fε(y), (5.2)
where
fε(y) =
λ¯
||u(1)λ − u(2)λ ||L∞(Ω)
k∑
j=1
(1Bδ(x0,j)(u
(1)
λ − κ(1)λ,j)p+ − 1Bδ(x0,j)(u(2)λ − κ(2)λ,j)p+) (5.3)
For p > 0 and p 6= 1, using the non-degeneracy of x0, we know (3.40) and (3.41) hold.
This result in fε(y) = 0 in Ω \ ∪kj=1BLs(1)ε,j (x
(1)
ε,j ). So −∆ξε = 0 in Ω \ ∪kj=1BLs(1)ε,j (x
(1)
ε,j ). To
obtain a contradiction, we need to prove ξε = o(1) in ∪kj=1BLs(1)ε,j (x
(1)
ε,j ). For simplicity, in
the next lemma we use sε,j to denote s
(1)
ε,j . Let Ω˜λ,j = {y ∈ R2 : sε,jy + x(1)ε,j ∈ Ω}.
Lemma 5.1. For p ∈ (0, 1)∩(1,+∞), and any q > 2, it holds ||s2ε,jfε(sε,jy+xε,j)||Lq(Ω˜λ,j) ≤
C. Moreover, as ε→ 0+, namely λ→∞,
ξε,j(sε,jy + x
(1)
ε,j )→ ξj = b1,j
∂w
∂x1
+ b2,j
∂w
∂x2
in C1,αloc (R
2), (5.4)
where b1,j and b2,j are some constants, and
s2ε,jfε(sε,jy + x
(1)
ε,j )→ pwp−1+ ξj in Lqloc(R2). (5.5)
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Proof. According to (3.7), (3.16) (3.40) and Proposition 3.5, we have
fε(y) =
1
ε2||u(1)λ − u(2)λ ||L∞(Ω)
k∑
j=1
1Bδ(x0,j)((Uε,xε,aε + ω(1)ε − κ(1)λ,j)p+ − (Uε,xε,aε + ω(2)ε − κ(2)λ,j)p+)
=
1
ε2||u(1)λ − u(2)λ ||L∞(Ω)
(
k∑
j=1
1Bδ(x0,j)(Wε,x0,j ,aε,j (y)− aε,j + ω(1)ε +O(
sε,j
| ln ε|))
p
+
−
k∑
j=1
1Bδ(x0,j)(Wε,x0,j ,aε,j (y)− aε,j + ω(2)ε +O(
sε,j
| ln ε|))
p
+)
=
1
ε2||u(1)λ − u(2)λ ||L∞(Ω)
k∑
j=1
1Bδ(x0,j)p(Wε,x0,j ,aε,j (y)− aε,j)p−1+ (u(1)λ − u(2)λ ) +O(
k∑
j=1
sε,j
ε2| ln ε|p−1 ).
Thus from (3.10) it holds
s2ε,jfε(sε,jy + x
(1)
ε,j ) =
s2ε,j
ε2
p(Wε,x0,j ,aε,j(y)− aε,j)p−1+ ξε(sε,jy + x(1)ε,j ) +O(
k∑
j=1
s3ε,j
ε2| ln ε|p−1 )
= p| ln ε|p−1(Wε,x0,j,aε,j (y)− aε,j)p−1+ ξε(sε,jy + x(1)ε,j ) +O(sε,j)
Since ||ξε||L∞(Ω) = 1, for q > 2 we have
||s2ε,jfε(sε,jy + x(1)ε,j )||Lq(Ω˜λ,j) ≤ C.
By the elliptic estimate ξε(sε,jy + x
(1)
ε,j ) is bounded in W
2,q
loc (R
2). According to the Sobolev
embedding, we may assume ξε(sε,jy + x
(1)
ε,j ) → ξj in C1,αloc (R2). By the definition of Wε,x,a
given in (3.9), it is obvious that
s2ε,jfε(sε,jy + x
(1)
ε,j ) =
s2ε,j
ε2
p(Wε,x0,j ,aε,j (y)− aε,j)p−1+ ξε(sε,jy + x(1)ε,j ) + o(1)
→ pwp−1+ ξj in Lqloc(R2).
Therefore, we see that (5.5) holds and ξj satisfies
−∆ξj = pwp−1+ ξj in R2.
This gives
ξj = b1,j
∂w
∂x1
+ b2,j
∂w
∂x2
,
which (5.4) follows. Hence we complete our proof. 
For p = 1, similarly, we have −∆ξε = 0 in Ω \ ∪kj=1BLε(x(1)ε,j ). To obtain a contradiction,
we need to prove ξε = o(1) in ∪kj=1BLε(x(1)ε,j ). We let Ωˆλ,j = {y ∈ R2 : εy + x(1)ε,j ∈ Ω}.
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Lemma 5.2. For p = 1 and any q > 2, it holds ||ε2fε(εy + xε,j)||Lq(Ωˆλ,j) ≤ C. Moreover,
as ε→ 0+, namely λ→∞,
ξε,j(εy + x
(1)
ε,j )→ ξj = b1,j
∂w¯
∂x1
+ b2,j
∂w¯
∂x2
in C1,αloc (R
2), (5.6)
where b1,j and b1,j are some constants, and
ε2fε(εy + x
(1)
ε,j )→ 1Bγ(0)ξj in Lqloc(R2). (5.7)
Proof. Using (4.7), (4.15) (4.33) and Proposition 4.5, we have
fε(y) =
1
ε2||u(1)λ − u(2)λ ||L∞(Ω)
k∑
j=1
1Bδ(x0,j)((Uε,xε,aε + ω(1)ε − κ(1)λ,j)+ − (Uε,xε,aε + ω(2)ε − κ(2)λ,j)+)
=
1
ε2||u(1)λ − u(2)λ ||L∞(Ω)
(
k∑
j=1
1Bδ(x0,j)(Vε,x0,j ,aε,j (y)− aε,j + ω(1)ε +O(
ε
| ln ε|))+
−
k∑
j=1
1Bδ(x0,j)(Vε,x0,j ,aε,j (y)− aε,j + ω(2)ε +O(
ε
| ln ε|))+)
=
1
ε2||u(1)λ − u(2)λ ||L∞(Ω)
k∑
j=1
1Bδ(x0,j)1{Vε,x0,j ,aε,j (y)−aε,j>0}(u
(1)
λ − u(2)λ ) +O(
1
ε
).
Thus
ε2fε(εy + x
(1)
ε,j ) = 1{Vε,x0,j ,aε,j (y)−aε,j>0}ξε(εy + x
(1)
ε,j ) +O(ε)
Since ||ξε||L∞(Ω) = 1, for q > 2 we have
||ε2fε(εy + x(1)ε,j )||Lq(Ω˜λ,j) ≤ C.
Then by the elliptic estimate ξε(εy+x
(1)
ε,j ) is bounded inW
2,q
loc (R
2). We may assume ξε(εy+
x
(1)
ε,j )→ ξj in C1,αloc (R2). By the definition of Vε,x,a given in (4.9), It is obvious that
ε2fε(sε,jy + x
(1)
ε,j ) = 1{Vε,x0,j ,aε,j (y)−aε,j>0}ξε(εy + x
(1)
ε,j ) + o(1)
→ 1Bγ(0)ξj in Lqloc(R2).
Thus (5.7) holds and ξj satisfies
−∆ξj = 1Bγ(0)ξj in R2.
This gives
ξj = b1,j
∂w¯
∂x1
+ b2,j
∂w¯
∂x2
,
This gives (5.4), so we have finished the proof. 
In order to prove ξε = o(1), we need to prove b1,j = b2,j = 0 for j = 1, 2, ..., k. To achieve
this goal, we will use a local Pohozaev identity. The following lemma gives an estimate for
ξε in Ω \B2τ (x(1)ε,j ).
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Lemma 5.3. For p > 0 and p 6= 1, it holds
ξε(x) =
k∑
j=1
2∑
h=1
Bh,j,ε∂hG(x
(1)
ε,j , x) +O(
k∑
j=1
s2ε,j), in C
1(Ω \ ∪kj=1B2τ (x(1)ε,j )), (5.8)
for p = 1, it holds
ξε(x) =
k∑
j=1
2∑
h=1
Bh,j,ε∂hG(x
(1)
ε,j , x) +O(ε
2), in C1(Ω \ ∪kj=1B2τ (x(1)ε,j )), (5.9)
where τ > 0 is any small constant, ∂hG(y, x) =
∂G(y,x)
∂yh
,
Bh,j,ε =


∫
BLsε,j (x
(1)
ε,j )
(yh − x(1)ε,j,h)fε(y)dy. if p > 0 and p 6= 1,∫
BLε(x
(1)
ε,j )
(yh − x(1)ε,j,h)fε(y)dy. if p = 1.
(5.10)
Proof. If p > 0 and p 6= 1, we have
ξε(x) =
∫
Ω
G(y, x)fε(y)dy =
k∑
j=1
∫
BLsε,j (x
(1)
ε,j )
G(y, x)fε(y)dy
=
k∑
j=1
A¯ε,jG(x
(1)
ε,j , x) +
k∑
j=1
2∑
h=1
Bh,j,ε∂hG(x
(1)
ε,j , x)
+
k∑
j=1
∫
BLsε,j (x
(1)
ε,j )
(G(y, x)−G(x(1)ε,j , x)− 〈∇G(x(1)ε,j , x), y − x(1)ε,j 〉)fε(y)dy,
where by (1.17),
A¯ε,j =
∫
BLsε,j (x
(1)
ε,j )
fε(y)dy = 0.
On the other hand, for any q > 2,∫
BLsε,j (x
(1)
ε,j )
|fε(y)|dy =
∫
BL(0)
s2ε,j|fε(sε,jy + x(1)ε,j )|dy ≤ C||s2ε,jfε(sε,jy + x(1)ε,j )||Lq(BL(0)) ≤ C.
Hence
|
∫
BLsε,j (x
(1)
ε,j )
(G(y, x)−G(x(1)ε,j , x)− 〈∇G(x(1)ε,j , x), y − x(1)ε,j 〉)fε(y)dy|
≤Cs2ε,j
∫
BLsε,j (x
(1)
ε,j )
|fε(y)|dy ≤ Cs2ε,j.
Similarly, we can prove that (5.8) holds in C1(Ω \ ∪kj=1B2τ (x(1)ε,j )).
For p = 1, the only need is to change sε,j into ε. Hence (5.9) follows. 
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In the rest of this section, we will use ∂ or ∇ denote the partial derivative for any
function h(y, x) with respect to y, while we will use D to denote the partial derivative for
any function h(y, x) with respect to x.
Proof of Theorem 1.2: We have the following Pohozaev identity for ξε: For 0 < d < δ,
it holds
−
∫
Bd(x
(1)
ε,j )
∂ξε
∂ν
u
(1)
λ
∂xi
−
∫
Bd(x
(1)
ε,j )
u
(2)
λ
∂xi
∂ξε
∂ν
+
1
2
∫
Bd(x
(1)
ε,j )
〈∇(u(1)λ + u(2)λ ),∇ξε〉νi = 0. (5.11)
If p > 0 and p 6= 1, By Proposition 3.6 and Lemma 5.3, we obtain from (5.11)
−
∫
Bd(x
(1)
ε,j )
∂ξε
∂ν
k∑
l=1
κlDxiG(x
(1)
ε,l , x)−
∫
Bd(x
(1)
ε,j )
〈
k∑
l=1
Dxiκl∇G(x(1)ε,l , x), ν〉
∂ξε
∂ν
+
1
2
∫
Bd(x
(1)
ε,j )
k∑
l=1
κl〈DG(x(1)ε,l , x),∇ξε〉νi = O(
k∑
j=1
s2ε,j).
(5.12)
According to Proposition 3.7 and Lemma 5.3, (5.12) can be written as
−
∫
Bd(x
(1)
ε,j )
k∑
l=1
k∑
m=1
2∑
h=1
κlBh,m,ε〈D∂hG(x(1)ε,m, x), ν〉DxiG(x(1)ε,l , x)
−
∫
Bd(x
(1)
ε,j )
k∑
l=1
k∑
m=1
2∑
h=1
κlBh,m,ε〈∇G(x(1)ε,l , x), ν〉Dxi∂hG(x(1)ε,m, x)
+
∫
Bd(x
(1)
ε,j )
k∑
l=1
k∑
m=1
2∑
h=1
κlBh,m,ε〈∇G(x(1)ε,l , x), Dxi∂hG(x(1)ε,m, x)〉νi = O(
k∑
j=1
s2ε,j).
(5.13)
We can check for small τ > 0,
−
∫
Bd(x
(1)
ε,j )
〈D∂hG(x(1)ε,m, x), ν〉DxiG(x(1)ε,l , x)−
∫
Bd(x
(1)
ε,j )
〈∇G(x(1)ε,l , x), ν〉Dxi∂hG(x(1)ε,m, x)
+
∫
Bd(x
(1)
ε,j )
〈∇G(x(1)ε,l , x), Dxi∂hG(x(1)ε,m, x)〉νi
=−
∫
Bτ (x
(1)
ε,j )
〈D∂hG(x(1)ε,m, x), ν〉DxiG(x(1)ε,l , x)−
∫
Bτ (x
(1)
ε,j )
〈∇G(x(1)ε,l , x), ν〉Dxi∂hG(x(1)ε,m, x)
+
∫
Bτ (x
(1)
ε,j )
〈∇G(x(1)ε,l , x), Dxi∂hG(x(1)ε,m, x)〉νi.
(5.14)
We define the following quadric form as Appendix C:
Q(u, v) = −
∫
∂Bτ (x
(1)
ε,l
)
∂v
∂ν
∂u
∂xi
−
∫
∂Bτ (x
(1)
ε,l
)
∂u
∂ν
∂v
∂xi
+
∫
∂Bτ (x
(1)
ε,l
)
〈∇u,∇v〉νi. (5.15)
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Note that if u and v are harmonic in Bδ(x
(1)
ε,l ) \ {x(1)ε,l }, then Q(u, v) is independent of
τ ∈ (0, δ]. It is easy to check that if l 6= j and m 6= j,
Q(G(x
(1)
ε,l , x), ∂hG(x
(1)
ε,m, x)) = 0. (5.16)
So (5.13) becomes
2∑
h=1
κjQ(G(x
(1)
ε,j , x), ∂hG(x
(1)
ε,j , x))Bh,j,ε +
∑
l 6=j
2∑
h=1
κjQ(G(x
(1)
ε,l , x), ∂hG(x
(1)
ε,j , x))Bh,j,ε
+
∑
m6=j
2∑
h=1
κjQ(G(x
(1)
ε,l , x), ∂hG(x
(1)
ε,m, x))Bh,m,ε = O(
k∑
j=1
s2ε,j).
(5.17)
Denote Bh,m,ε = κlB¯h,m,ε, B¯ε = (B¯1,1,ε, B¯2,1,ε, · · · , B¯1,k,ε, B¯2,k,ε). In view of Lemma C.1 in
the Appendix, we have
2∑
h=1
κjQ(G(x
(1)
ε,j , x), ∂hG(x
(1)
ε,j , x))Bh,j,ε +
∑
l 6=j
2∑
h=1
κjQ(G(x
(1)
ε,l , x), ∂hG(x
(1)
ε,j , x))Bh,j,ε
+
∑
m6=j
2∑
h=1
κjQ(G(x
(1)
ε,l , x), ∂hG(x
(1)
ε,m, x))Bh,m,ε = −
1
2
D2Wk(x(1)ε,m, · · · , x(k)ε,m)B¯ε.
(5.18)
Then from (5.17), we find
D2Wk(x(1)ε,m, · · · , x(k)ε,m)B¯ε = O(
k∑
j=1
s2ε,j). (5.19)
This, together the non-degeneracy of the critical point x0, implies
Bh,j,ε = O(
k∑
j=1
s2ε,j).
However,
Bh,j,ε =
∫
BLsε,j (x
(1)
ε,j )
(yh − x(1)ε,j,h)fε(y)dy = sε,j(
∫
B1(0)
(b1,j
∂w
∂x1
+ b2,j
∂w
∂x2
)yh + o(1)).
Thus, b1,j = b2,j = 0. So we have proved ξε = o(1) in BLsε,j(x
(1)
ε,j ). On the other hand,
since −∆ξε = 0 in Ω \ ∩kj=1BLsε,j(x(1)ε,j ) and ξε = 0 on ∂Ω. By the maximum principle, we
conclude ξε = o(1). This is a contradiction to ||ξε||L∞Ω = 1.
If p = 1, we can proceed as the case p > 1 and p 6= 1 to obtain
D2Wk(x(1)ε,m, · · · , x(k)ε,m)B¯ε = O(ε2). (5.20)
Using lemma 5.2 and (5.20), it is not hard to prove ξε = o(1) in Ω, which also leads a
contradiction. 
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Appendix A. the estimates for the free boundary when p > 0 and p 6= 1
For any function f , and for each j, we denote f˜ = f(sε,jy + xε,j). In the following, we
always assume L > 0 is a large fixed constant.
Lemma A.1. if p > 0 and p 6= 1, The set
Γε,j = {y : Uε,xε,aε(sε,jy + xε,j) = κλ,j} ∩ BL(0)
is a closed curve in R2, which can be written as
Γε,j(θ) = (1 + tε,j)(cos θ, sin θ) θ ∈ [0, 2pi],
where tε,j(θ) satisfying, for some L > 0,
|tε,j(θ)| ≤ Lsε,j. (A.1)
Moreover,
U˜ε,xε,aε,j((1 + tε,j)(cos θ, sin θ))− κλ,j
{
> 0 if t < tε,j(θ),
< 0 if t > tε,j(θ).
(A.2)
Proof. It follows from (3.16) that
U˜ε,xε,aε,j((1 + tε,j)(cos θ, sin θ))− κλ,j
= Wε,xj,aj (sε,jy + xε,j)− aε,j −
aε,jsε,j
ln R
sε,j
〈Dg(xε,j, xε,j), y〉
+
∑
i 6=j
aε,isε,j
ln R
sε,j
〈DG¯(xε,i, xε,j), y〉+O( sε,jy| ln ε|)
= Wε,xj,aj (sε,jy + xε,j)− aε,j +O(
sε,jy
| ln ε|) y ∈ BL(0).
Noting that
Wε,xj,aj (sε,jy + xε,j) =


aε,j + (
ε
sε,j
)
2
p−1φ(|y|) y ≤ 1,
aε,j(1 +
ln |y|
ln R
sε,j
) y ≥ 1. (A.3)
By (3.10), we find that if |y| < 1− L1sε,j for some large L1 > 0, then
U˜ε,xε,aε,j(y)− κλ,j = (
ε
sε,j
)
2
p−1φ(|y|) +O(sε,j|y|| ln ε| )
> (
ε
sε,j
)
2
p−1φ(|1− L1sε,j|) +O(sε,j|y|| ln ε| ) > 0.
If 1 + L1sε,j < |y| ≤ L2 << L1 for some large L2, then
U˜ε,xε,aε,j(y)− κλ,j = aε,j
ln |y|
ln R
sε,j
+O(
L2sε,j
| ln ε| )
> aε,j
ln |1 + L1sε,j|
ln R
sε,j
+O(
L2sε,j
| ln ε| ) > 0.
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Moreover, it is easy to check that if L2 < |y| < δsε,j , then
U˜ε,xε,aε,j(y)− κλ,j < Wε,xj,aj (sε,jy + xε,j)− aε,j +O(
1
| ln ε|)
aε,j
ln |L2|
ln R
sε,j
+O(
1
| ln ε|) < 0.
So we have proved that for any (cos θ, sin θ), there exist a tε,j(θ), such that |tε,j(θ)| ≤ Lsε,j,
and
(1 + tε,j)(cos θ, sin θ) ∈ Γε,j(θ)
Thus the proof is complete. 
Lemma A.2. if p > 0 and p 6= 1, The set
Γ¯ε,j = {y : uλ(sε,jy + xε,j) = κλ,j} ∩BL(0)
is a closed curve in R2, and
Γ¯ε,j(θ) = (1 + t¯ε,j)(cos θ, sin θ)
= (1 +
ln R
sε,j
aε,j
ω˜ε,j((1 + t¯ε,j) cos θ, (1 + t¯ε,j) sin θ))(cos θ, sin θ)
− sε,j〈∇g(xε,j, xε,j)−
∑
i 6=j
aε,i
aε,j
∇G¯(xε,i, xε,j), (cos θ, sin θ)〉(cos θ, sin θ)
+O(
k∑
j=1
s2ε,i + |ω˜ε,j|2| ln ε|2) θ ∈ [0, 2pi],
(A.4)
for some function t¯ε,j. Moreover,
u˜λ((1 + tε,j)(cos θ, sin θ))− κλ,j
{
> 0 if t < t¯ε,j(θ),
< 0 if t > t¯ε,j(θ).
(A.5)
Proof. It follows from Proposition 2.3 that
∂u˜λ((1 + tε,j)(cos θ, sin θ))
∂t
= (λ¯rλ,j)
− 1
p−1 (
1
rλ,j
(w′(1) + o(1))) < 0. (A.6)
As a result, t¯ε,j is unique. Therefore, Γ¯ε,j is a continuous closed curve in R
2. Moreover,
Proposition 2.3 also implies that for any yε ∈ Γ¯ε,j, |yε| → 1 as ε → 0+. So it is easy to
check from (A.6) that (A.5) holds.
For any point
yε,j = (1 + t¯ε,j)(cos θ, sin θ) ∈ Γ¯ε,j,
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It follows from (3.16) that if |yε,j(θ)| > 1, then
0 = U˜ε,xε,aε,j(y)− κλ,j + ω˜ε,j(yε,j(θ))
=Wε,xj ,aj (sε,jy + xε,j)− aε,j + ω˜ε,j(yε,j(θ))−
aε,jsε,j
ln R
sε,j
〈Dg(xε,j, xε,j), yε,j〉
+
∑
i 6=j
aε,isε,j
ln R
sε,j
〈DG¯(xε,i, xε,j), yε,j〉+O(
s2ε,j
| ln ε|)
= aε,j
ln |yε,j|
ln R
sε,j
+ ω˜ε,j(yε,j(θ))− aε,jsε,j
ln R
sε,j
〈Dg(xε,j, xε,j), yε,j〉
+
∑
i 6=j
aε,isε,j
ln R
sε,j
〈DG¯(xε,i, xε,j), yε,j〉+O(
s2ε,j
| ln ε|)
(A.7)
Thus
|yε,j(θ)| = exp((
ln R
sε,j
aε,j
)(ω˜ε,j(yε,j(θ))− aε,jsε,j
ln R
sε,j
〈Dg(xε,j, xε,j), yε,j〉
+
∑
i 6=j
aε,isε,j
ln R
sε,j
〈DG¯(xε,i, xε,j), yε,j〉+O(
s2ε,j
| ln ε|)))
= 1 + ω˜ε,j(
ln R
sε,j
aε,j
)− sε,j〈Dg(xε,j, xε,j), yε,j〉+
∑
i 6=j
aε,isε,j
aε,j
〈DG¯(xε,i, xε,j), yε,j〉
+O(
k∑
j=1
s2ε,j + |ω˜ε,j|2| ln ε|2).
(A.8)
if |yε,j(θ)| < 1, then
0 = U˜ε,xε,aε,j(y)− κλ,j + ω˜ε,j(yε,j(θ))
= (
ε
sε,j
)
2
p−1φ(|yε,j|) + ω˜ε,j(yε,j(θ))− aε,jsε,j
ln R
sε,j
〈Dg(xε,j, xε,j), yε,j〉
+
∑
i 6=j
aε,isε,j
ln R
sε,j
〈DG¯(xε,i, xε,j), yε,j〉+O(
s2ε,i
| ln ε|)
(A.9)
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Thus
|yε,j(θ)| = φ−1((
ln R
sε,j
aε,j
)(ω˜ε,j(yε,j(θ))− aε,jsε,j
ln R
sε,j
〈Dg(xε,j, xε,j), yε,j〉
+
∑
i 6=j
aε,isε,j
ln R
sε,j
〈DG¯(xε,i, xε,j), yε,j〉+O(
s2ε,j
| ln ε|)))
= 1 + ω˜ε,j(
ln R
sε,j
aε,j
)− sε,j〈Dg(xε,j, xε,j), yε,j〉+
∑
i 6=j
aε,isε,j
aε,j
〈DG¯(xε,i, xε,j), yε,j〉
+O(
k∑
i=1
s2ε,i + |ω˜ε,j|2| ln ε|2).
(A.10)
So (A.4) follows from (A.8) and (A.10). 
Appendix B. the estimates for the free boundary when p = 1
For any function f , we denote fˆ = f(εy+xε,j). As Lemma A.1 and A.2, we give following
results for the case p = 1. Since we only change sε,j into γε and φ into ϕ, we omit the
proof of Lemma B.1 and Lemma B.2.
Lemma B.1. if p = 1, The set
Γε,j = {y : Uε,xε,aε(εy + xε,j) = κλ,j} ∩ BL(0)
is a closed curve in R2, which can be written as
Γε,j(θ) = (γ + tε,j)(cos θ, sin θ) θ ∈ [0, 2pi],
where tε,j(θ) satisfying, for some L > 0,
|tε,j(θ)| ≤ Lε. (B.1)
Moreover,
Uˆε,xε,aε,j((γ + tε,j)(cos θ, sin θ))− κλ,j
{
> 0 if t < tε,j(θ),
< 0 if t > tε,j(θ).
(B.2)
Lemma B.2. if p = 1, The set
Γ¯ε,j = {y : uλ(εy + xε,j) = κλ,j} ∩ BL(0)
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is a closed curve in R2, and
Γ¯ε,j(θ) = (γ + t¯ε,j)(cos θ, sin θ)
= (γ +
ln R
γε
aε,j
ωˆε,j((γ + t¯ε,j) cos θ, (γ + t¯ε,j) sin θ))(cos θ, sin θ)
− γε〈∇g(xε,j, xε,j)−
∑
i 6=j
aε,i
aε,j
∇G¯(xε,i, xε,j), (cos θ, sin θ)〉(cos θ, sin θ)
+O(ε2 + |ωˆε,j|2| ln ε|2) θ ∈ [0, 2pi],
(B.3)
for some function t¯ε,j. Moreover,
uˆλ((γ + tε,j)(cos θ, sin θ))− κλ,j
{
> 0 if t < t¯ε,j(θ),
< 0 if t > t¯ε,j(θ).
(B.4)
Appendix C. the Pohozaev identities
In this appendix, we will construct some local Pohozaev identities for Green’s function,
see [16]. Fix x0 ∈ Ω, τ > 0 and define the following quadric form:
Q(u, v) = −
∫
∂Bτ (x0)
∂v
∂ν
∂u
∂xi
−
∫
∂Bτ (x0)
∂u
∂ν
∂v
∂xi
+
∫
∂Bτ (x0)
〈∇u,∇v〉νi. (C.1)
Note that if u and v are harmonic in Bδ(x
0)\{x0}, then Q(u, v) is independent of τ ∈ (0, δ].
Particularly, if u and v are harmonic in Bδ(x
0), then Q(u, v) = 0 for any τ ∈ (0, δ].
Lemma C.1. There holds for any x1 ∈ R2 different from x0,
Q(G(x0, x), ∂jG(x
0, x)) = −1
2
∂2h(x0)
∂xi∂xj
, (C.2)
Q(G(x1, x), ∂jG(x
0, x)) =
1
2
Dxi∂jG(x
1, x0) +
1
2
D2xixjG(x
1, x0), (C.3)
and
Q(G(x0, x), ∂jG(x
1, x)) =
1
2
Dxi∂jG(x
1, x0). (C.4)
Proof. Denote G(y, x) = S(y, x)−H(y, x) and S(y, x) = 1
2pi
ln 1
|y−x|
is the singular part of
G(y, x). Without loss of generality, we may assume that x0 = 0.
Firstly, we calculate Q(G(0, x), ∂jG(0, x)).
Since Q(S(0, x), ∂jS(0, x)) is independent of τ ∈ (0,∞), a simple calculation yields
Q(S(0, x), ∂jS(0, x)) =
1
4pi2
∫
∂B1(0)
(δi,j − 2xixj)dSx = 0.
On the other hand,H(0, x) is harmonic inBτ (0) forBτ (0) ⊂ Ω, thenQ(H(0, x), ∂jH(0, x)) =
0. Therefore,
Q(G(0, x), ∂jG(0, x)) = −Q(S(0, x), ∂jH(0, x))−Q(H(0, x), ∂jS(0, x)). (C.5)
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Direct calculations show that
Q(S(0, x), ∂jH(0, x)) = Dxi∂jH(0, 0) + oτ (1), (C.6)
and
Q(H(0, x), ∂jS(0, x))
=−
∫
∂Bτ (0)
〈D∂jS(0, x), ν〉 (DxiH(0, x)−DxiH(0, 0))
−
∫
∂Bτ (0)
(〈DH(0, x), ν〉 − 〈DH(0, 0), ν〉)Dxi∂jS(0, x)
+
∫
∂Bτ (0)
〈DH(0, x)−DH(0, 0), D∂jS(0, x)〉νi
=−
∫
∂Bτ (0)
〈D∂jS(0, x), ν〉〈DDxiH(0, 0), x〉
−
∫
∂Bτ (0)
〈D2H(0, 0)x, ν〉Dxi∂jS(0, x)
+
∫
∂Bτ (0)
〈D2H(0, 0)x,D∂jS(0, x)〉νi + oτ (1)
=J1 + J2 + J3 + oτ (1).
(C.7)
We have
∂jS(0, x) =
1
2pi
yj
|y|2 ,
〈D∂jS(0, x), ν〉 = − 1
2pi
yj
|y|3 ,
and
Dxl∂jS(0, x) =
1
2pi
(
δjl
|y|2 −
2yjyl
|y|4
)
.
So we get
J1 =
1
2pi
∫
∂Bτ (0)
y2j
|y|3D
2
xixj
H(0, 0) =
1
2
D2xixjH(0, 0). (C.8)
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On the other hand,
J2 + J3
=− 1
2pi
∫
∂Bτ (0)
2∑
l=1
2∑
t=1
D2xlxlH(0, 0)
ylyt
|y|
(
δij
|y|2 −
2yiyj
|y|4
)
+
1
2pi
∫
∂Bτ (0)
2∑
l=1
2∑
t=1
D2xlxtH(0, 0)
yiyl
|y|
(
δjt
|y|2 −
2yjyt
|y|4
)
=− 1
2pi
∫
∂Bτ (0)
2∑
l=1
2∑
t=1
D2xlxlH(0, 0)
δijylyt
|y|3
+
1
2pi
∫
∂Bτ (0)
2∑
l=1
2∑
t=1
D2xlxtH(0, 0)
δjtyiyl
|y|3 .
(C.9)
If i 6= j, we have
J2 + J3 =
1
2pi
∫
∂Bτ (0)
2∑
l=1
2∑
t=1
D2xlxtH(0, 0)
δjtyiyl
|y|3
=
1
2pi
∫
∂Bτ (0)
D2xixjH(0, 0)
δjty
2
i
|y|3 =
1
2
D2xixjH(0, 0).
(C.10)
If i = j, we have
J2 + J3 =− 1
2pi
∫
∂Bτ (0)
2∑
l=1
2∑
t=1
D2xlxlH(0, 0)
δijylyt
|y|3
+
1
2pi
∫
∂Bτ (0)
2∑
l=1
2∑
t=1
D2xlxtH(0, 0)
δjtyiyl
|y|3
=− 1
2
2∑
l=1
D2xlxlH(0, 0) +
1
2
D2xixiH(0, 0) =
1
2
D2xixiH(0, 0),
(C.11)
since
2∑
l=1
D2xlxlH(0, x) = ∆xH(0, x) = 0, ∀x ∈ Ω.
Combining (C.8), (C.10) and (C.11), we get for any i, j = 1, 2
J1 + J2 + J3 =
1
2
D2xixjH(0, 0). (C.12)
By (C.5), (C.6) and (C.12), we obtain
Q(G(0, x), ∂jG(0, x)) = −1
2
∂2h(0)
∂xi∂xj
. (C.13)
Secondly, we estimate Q(G(x1, x), ∂jG(0, x)). Similar to (C.7), we can deduce
Q(G(x1, x), ∂jG(0, x)) = Q(G(X
1, x), ∂jH(0, x)) + oτ (0)
=
1
2
Dxi∂jG(x
1, 0) +
1
2
D2xixjG(x
1, 0).
(C.14)
Finally, we calculate Q(G(0, x), ∂jG(x
1, x). We have
Q(G(0, x), ∂jG(x
1, x)) = Q(S(0, x), ∂jG(x
1, x)) + oτ (1)
=
1
2pi
∫
∂Bτ (0)
Dxi(∂jG(x
1, 0))
x2i
|x|3 + oτ (1)
=
1
2
Dxi∂jG(x
1, 0).
(C.15)

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